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ON THE RELATION BETWEEN LINEAR ALGEBRAS 
AND CONTINUOUS GROUPS. 


BY PROFESSOR L. E. DICKSON. 


1. THE aim of this note is to give a very elementary account 
of the mutual relation between any linear associative algebra 
(system of hypercomplex numbers) and a type of continuous 
groups, without presupposing on the part of the reader a 
knowledge of either subject. The relation in question, first 
observed by Poincaré, enables us to translate the concepts and 
theorems of the one subject into the language of the other 
subject. It not only doubles our total knowledge, but gives 
us a better insight into either subject by exhibiting it from a 
new point of view. Incidentally, we shall obtain several 
other results of general interest. 

2. To begin with the simplest illustration, we set up a 
correspondence between each real number ¢, not zero, and the 
transformation 2’ = cz, denoted by T7,, on the real variable z. 
The result of applying in succession 7, and the new transfor- 
mation 7’, (which we may express in the form 2” = c’z’) is 
the same as applying the single transformation 2” = (e’c)z. 
Hence we say that the product T.T.’ of the two given trans- 
formations is the transformation 7”, where c’’ = c’c. The 
set of transformations which correspond to the system (or 
algebra) of all real numbers, other than zero, is said to form a 
group G since the product of any two of these transformations is 
a transformation of the same set. In particular, G is a one- 
parameter continuous group. The relation ce” = c’c between 
the parameters in 7.7.’ = T,”’ defines a transformation of ¢ 
into ec’ with the parameter c’. Since c’ ranges over all real 
numbers other than zero, the resulting transformations 
c’’ = e’c on the parameters form a group which is the same as 
G, apart from the notation of the variables. Hence G is said 
to be its own parameter group. 

Next, let z denote a complex variable z+ yi and let ¢ 
range over all complex numbers a + bi other than zero. Then 
T. is equivalent to the binary transformation 


x’ =axr— by, = br+ ay. 


54 LINEAR ALGEBRAS AND CONTINUOUS GROUPS. [Nov., 


The set of transformations 7, , in which a and b range in- 
dependently over all real numbers (with the exclusion of 
a = b=0) forms a two-parameter real continuous group 
which is its own parameter group. While these facts can be 
readily verified by use of the binary transformations 7, , (and 
that method is recommended to the beginner as a desirable 
exercise), they follow at once from the earlier work, in which z is 
now interpreted to be a complex variable and ¢ a complex 
parameter. 

To the linear algebra of ordinary complex numbers a + bi, 
with real coordinates a, b and two units 1, i, therefore 
corresponds a two-parameter group of binary linear trans- 
formations 7, ,in which the parameters a and 6 enter linearly 
and homogeneously, and such that the group is its own param- 
eter group. Given, conversely, a group of this character, 
we can exhibit a corresponding linear associative algebra, the 
product of any two hypercomplex numbers c¢ and z of which is 
the number 2’ such that the expanded form of the relation 
z’ = cz is that transformation of the group whose parameters 
are the coordinates of c. Additional simple illustrations: of 
this statement are given in the following sections. 

3. We shall obtain an important algebra by considering 
the linear transformations which leave unaltered the quadric 
surface S defined by 
Xe 


The four variables and the coefficients of the transformations 

may be taken to be real numbers or to be ordinary complex 

numbers; either interpretation may be made by the reader, 

but the one chosen is to be retained throughout the discussion. 
The surface S contains two sets of straight lines 


Ik: = kx, 
Ax: = kae, = kay. 


A linear transformation which replaces every plane through 
L, by a plane through J; is such that 


ay’ — kas’ = — kas) + — kaa), 
ae’ — kag’ = yo(ar — kas) + — kas), 


in which y:, ---, ys are linear functions of k. Let the trans- 
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formation leave unaltered three lines [;. Then the preceding 
equations, quadratic in k, hold for three values of k and hence 
are identities in k. Since the left members are linear in k, 
we see that y:, ---, ys are independent of k. Hence a linear 
transformation which leaves unaltered three lines L; leaves 
unaltered every line L;, and is of the form 


T. ay’ = yitit Yate, = + Ysts, 


= yotit = Yots + Yate, 
in which the parameters y:, ---, ys are such that 
yiys — + O. 


If two transformations leave every L; unaltered, their product 
leaves every L;, unaltered. Hence the set of all transformations 
T, forms a group G. The direct verification of this fact will 
lead also to another needed property. The product T,T,’ 
is found to be T,”, where 


yy” = yit ys Yo, ys’ = yr'yst ys'ys, 
yo” = yo'yit ys' yo, Ys’ = ys' Ys 


These equations define a transformation with the parameters 
yi’, ---, ys’ from the variables y:, ---, ys to the variables 
yi’, «++, ys’; under this interpretation, the transformation is 
the same as 7’,,’, apart from the notation of the variables. 
Hence G is its own parameter group. According to the general 
statement at the end of § 2, the group G should correspond 
to a linear associative algebra. As the general element (or 
hypercomplex number*) of the algebra, we may take the 
matrix 
22 || 

The product zy is defined to be the matrix z’ in which z/’, 

-+, a4’ are given by the equations marked 7,. Hence the 
group G defines the algebra whose elements are the matrices 
x; the general transformation T, of G is merely the expanded 
form of the relation xz’ = zy between matrices. 


* For the exhibition of x as a linear combination of four units and the 
resulting linear aspect of the algebra, see the writer’s Linear Algebras, 
Cambridge Tracts, 1914, pp. 3-5, p. 59. 


= 
= 
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Consider the product £ = yz of the same factors taken in 
reverse order. We obtain the transformation 


= yitit = yrte + Yous, 
£3 = ysti t+ ysts, £4 = + 


All such transformations form a group G’. This fact can be 
verified as above by forming the product 7,7)’, or by 
showing that the T, leave unaltered every line hy and give all 
the linear transformations leaving unaltered ev ery x, OF by 
the following third method. The product of T,, given by 

= yx, and given by = y’é, is found by the ‘elimination 
Since y (ya) = (y’ the product is 7)”, given by 
= where y” = y’y. 

Each transformation of G is commutative with each trans- 
formation of G’ since 7,7), is = y:(xy), while T),T, is 
£’ = (yx)y. The transformations of G and G’ therefore 
generate the group I of the linear transformations 2’ = yy. 
Suppose that this transformation is identical with 2’ = Y,7Y. 
Then 2A = Bz for every z, where A = yY™, B= yr"¥i. 
As is easily verified, the identity in z gives 


c 0 
A=B= S.. 
Then Y = S.uy, Yi = y:S.. Hence I is a seven-parameter 


group. 

To complete the discussion, we shall prove that the only 
linear transformations leaving the quadric surface S unaltered 
(i. e., automorphs of S) are the transformations of T (which 
permute the lines LZ, among themselves and the lines X, 
among themselves) and their products by any one trans- 
formation, as (22%3), which interchanges the two sets of lines. 
Let T be any linear automorph of S. If 7 replaces only a 
finite number of lines L; by lines L,, it replaces an infinitude of 
lines £; by lines \,, so that the product of T by (2223) replaces 
an infinitude of lines L; by lines L,. Hence either T itself or 
its product by (xea3) is an automorph ¢ which replaces an 
infinitude of lines L; by lines Z,. But we can find a trans- 
formation 7, which replaces any three distinct lines LZ; by 
any three distinct lines L,. This will evidently follow if we 
prove that there exists a transformation T, which replaces 
Lo, Le, Li by La, Ln, L-, respectively, where a, b, c are any three 
distinct numbers; the conditions are 
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Y2 Yit ye 
¥4 ¥3 Y3t Ys 


and are satisfied when 


yi = bys. 


The product of ¢ by the inverse of the first T, leaves un- 
altered three lines LZ, and hence is a transformation T,, as 
proved above. Thus ¢ is in the group I and hence either T 
is inT or T is the product of a transformation of T by (2223). 

The group of all linear automorphs of S is therefore of the 
kind called a mixed group. It is however determined in a very 
simple manner from the continuous seven-parameter subgroup 
IT’ composed of the transformations 2’ = y:ty. As in this 
instance, the introduction of hypercomplex numbers enables 
us to give a very compact and convenient notation for the 
transformations of important groups. 

4, From the preceding algebra whose elements are matrices 
we can derive in a very natural manner the algebra of quater- 
nions and deduce as corollaries several important results. To 
this end we take the interpretation which assigns ordinary 
complex values to the variables and coefficients of the trans- 
formations in §3. To transform the equation of the quadric 
surface into 

we have merely to write 
= + 1X4, Xi 1X4, n= X2 + 1X3, 
zt3 = Xo + 1X 3. 


The new form of transformation T,, involves the parameters 
only in the combinations y; + yi, yz + ys» Hence we write 
y= yo— ys = 2Y3, 
yo t+ ys = 

In terms of the new variables and parameters, 7’, becomes 
= — X3V2+ X2V3+ 
X3 Y; + X4 Y2 X1Y3 Xe 

— X2V2 — X3Ys+ 
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The identical transformation X,’ = X,, etc., is obtained by 
taking Y; = Y2 = Y;= 0, Ys= 1. To our group therefore 
corresponds a linear associative algebra whose general number 
is 

X= Xi+ Xsk + Xa, 


where the products of the units 7, 7, k, 1 are such that 


XY= XN Xj + + 


in which the values of X,’, ---, X4/ are given by ty. Taking 
A,= Y,=1, X,=Y,=0 (s=2, 3, 4), we find that 
a= —1. In this way, we get 

y=k 
@: th= —}. 


We thus obtain the algebra of quaternions with ordinary 
complex coordinates. In view of its origin it is equivalent 
under a linear transformation on the units to the algebra 
of matrices with complex coordinates (§ 3). It has as a sub- 
algebra the system of real quaternions. 

The transformation ty leaves the quadric surface unaltered. 
By finding the coefficient of X,’, we see that 


4 4 

2X." = 2 Xe. 

s=1 s=1 s=1 

The left member is called the norm of the quaternion X’. 
Since the transformation is X’ = XY, we conclude that the 
norm of the product of two quaternions equals the product of 
their norms. 

By interchanging X, and Y, (s = 1, 2, 3, 4) inty, we obtain 
the transformation t, which has the more compact notation 
X’ = YX. The product of the commutative transformations 
ty andt,,is X’= Y,;XY. The latter form a seven-parameter 
continuous group I. The determinant of each of its real 
transformations is positive, since the determinant of 7, in 
§ 3 is the square of 


— = YP+ YP+ YP + Ye. 
To (2223) corresponds the transformation 7 which changes the 


sign of X_ without altering X,, X3, X. The only linear 
automorphs of the surface are the transformations of T and 
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their products by 7 (§3), these products having negative 
determinants. In four-dimensional space these products are 
reflexions, so that the group generated by the rotations around 
the origin and the stretchings from it is formed of the trans- 
formations q’ = 41992, where q and q’ are variable real quater- 
nions, while q; and g2 are real quaternion parameters. Con- 
cerning this group, the corresponding one in three dimensons, 
and references on related subjects, see Linear Algebras, page 61. 

5. Our final illustration will be more typical of the general 
theory since it treats a group not initially its own parameter 
group. Consider any two-parameter binary linear group in 
which the parameters Y;, Y, enter linearly and homogeneously. 
Its transformations are therefore of the form 


x’ = (A + (CY; + DY2)22, 
= (E Yi+ + (G HY2)22. 


Let Y; = a, Y2 = b + O be the values of the parameters giving 
the identical transformation. Introduce the new parameters 


Then the values y; = 0, y2 = 1 give the identical transforma- 
tion. The new equations of our transformations will be of the 
above form, in which now B = H=1,D= F=0. Further, 
we set AY, + Y2 = yo, Y1 = y;. Hence the transformation 
becomes 


Ty: = Yoti + cyte, = ayiti + (dy + 
The product 7,7,’ is seen to be 7,”, where 
= + + yo!” = acys'ys + yr. 


Hence the totality of transformations T, forms a group G. 
Regarding y:’ and y’ as the parameters, we have the general 
transformation of the parameter group of G. Thus G is its 
own parameter group only when d = 0, ¢ = 1. 

Without loss of generality we may takec = 1. If ¢ +0, 
this may be done by taking cy, asanew If c= 0,a +0, 
we interchange 2; and x2 and take dy; + y2 as a new y, 
obtaining 7, with ec +0. If c=a=0, the case d= 0 is 
excluded since the group has two parameters, so that dy; + ye 
may be taken as the new y;. Then 


g: = Yori, = 
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Using the new variables X, = x; + 22, X2 = 21 — 22 and new 
parameters Y; = (y2 — y:)/2, Yo = (y2 + y:)/2, we get 


g’: = Y,X2, XxX,’ = + Y2Xo, 


which is of type Ty withe =a=1,d=0. 

There is a general method of selecting new variables X1 
and X,* such that the group on the new variables will become 
its own parameter group. In the equations for 7, we have 
only to erase the accents in the left members, replace y1, y2 
by X,, X2 and give to 21, x2 such special values that the result- 
ing equations are independent. We may take 2; = 0, 22 = 1, 
and get 

X1, = dX, + X2. 


Expressed in the new variables, the transformation T, (with 
c = 1) becomes 


ty: = + + yiXe, = ayiXy + YrX2. 


In view of P, the group of these transformations is its own 
parameter group. For yi: = 0, = 1, the transformation 
is identity. Hence we obtain an algebra with units e, e¢, 
where ¢ is the principal unit, such that, if y = ye + ye is 
its general number, Xy = X’, where the coordinates of X’ 
are defined by t,. The multiplication table is therefore 


e=ece=e, =det+ ae. 


Taking e — 3de as a new e, we have d= 0. Then multi- 
plying e by r, we see that a is replaced by r’a, which may be 
made equal to 0 or 1 by choice of r. Hence there are just two 
types of binary algebras with complex coordinates and having 
a principal unit. 

The corresponding groups are composed of the transforma- 
tions ty, with d= 0,a=O0orl1. That with a = 1 is g’ and 
was seen to be equivalent to g. Hence every binary linear 
group in which the two parameters enter linearly and homo- 
geneously is equivalent to g or to the group h of transformations 
t, witha =d=0. 

Scheffers proceeded in the reverse order. Making use of 
Lie’s determination of all types of binary linear groups, he 
selected the two-parameter groups in which the parameters 


* Lie-Scheffers, Continuierliche Gruppen, 1893, p. 634. 


| 

| 
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enter linearly and homogeneously, found their finite equations, 
and introduced variables such that each group becomes its 
own parameter group. The resulting groups (I. c., page 648, 
bottom, and page 649) are ourhandg. From these he derived 
the above two algebras. 

6. Scheffers’ determination (pages 654-6) of the algebra of 
quaternions is based upon the existence of the group of trans- 
formations t; of §4. Ina rather arbitrary manner he selected 
four infinitesimal transformations out of an aggregate of the 
co infinitesimal automorphs of the quadric surface, and 
verified that the four generate a four-parameter group. The 
guide to this seemingly fortunate selection may well have been 
the previous knowledge of the group defined by the algebra 
of quaternions. The above discussion in § 4 not only gives a 
natural derivation of quaternions from the theory of groups 
but leads to the total group of automorphs of a quadric surface 
and not merely to its continuous subgroup. 

Tue University or Cuicaco. 


AN ASPECT OF THE LINEAR CONGRUENCE WITH 
APPLICATIONS TO THE THEORY OF 
FERMAT’S QUOTIENT. 


BY MR. H. S. VANDIVER. 


(Read before the American Mathematical Society, August 4, 1915.) 


In 1903, Professor G. D. Birkhoff communicated to me the 
following theorem: 

If p is a prime integer and a 1s a positive integer prime to p, 
then there is at least one and not more than two sets (x, y) such 
that 

a = + 2/y (mod 


where x and y are integers prime to each other and 0 < x < Vp, 
O<y< vp. 

Professor Birkhoff has kindly allowed me to use this result, 
and in the present paper I shall give a proof of the theorem 
which involves a continued fraction algorithm for a direct 
determination of each set. Some extensions and applications 
are also given. 


j 

| 
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1. Proof and Algorithm.—We have 
p=am+n O<n<a), 
(0< r2< 1), 


+ te (O< re < re_-1), 
< vp = 


These relations give 
(mymg—1 + = Te + 
and similarly 
+ Me + = — Te + + 1). 
Hence we ultimately have 
al=+r, (mod p), 


where / is the continuant 


mM; 1 0 
—1 1 
O —1 mes 0;° 
0 0 0 —1 m 


Note that / is prime to p since r; is so. 
We now prove that] < vp. We have 
= + 1) + 
= + Me + + + 1), 
and finally 
(1) p = rej, 
where j equals 
1 0 
1 


0-1 


0 0 


| 
| ... —1 | 
| 
| 
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Hence, since ri. > Vp then 1< vp because rj > 0. 
Also r; is prime to / since 1 is prime to p. Therefore one of 
the sets (x, y) is (rz, 1). Set xo = rz, yo = 1. Then if there 
were a second set (21, y1) where 2, is prime to #1, we should have 


+ TM1Y0 = 


since 2» and yo are prime toeach other. This being the case, 
we see from (1), after noting that ri1 = vp, that there 
must exist a positive integer » such that 


— + + = P, 
where 


— < Vp, j+uyo< vp. 


These two conditions may be.written 


(la) — Vp <p< 

Zo Yo 
Now yu cannot have more than one integral value, since the 
above relation would then give 


(2) — pt yo) Vp > 2xoyo, 


which shows that one of the integers 2, yo, is > 1p. If 
yo >43~Vp and z= 1, then (2) evidently does not hold. 
Also, if 29 > 1, the right-hand member of (2) increases faster 
than the left-hand member when 2» is increased. Since, then, 
u» has no more than one positive integral value, there are 
not more than two sets (z, y) satisfying the conditions of 
the theorem. Further, u, when it exists, is uniquely deter- 
mined by (la). This completes the proof and algorithm. 

The existence of one set (x, y) may also be shown by means 
of a theorem due to Minkowski.* 


If 
fi = aun + +++ + Gimtm, 
Sm = Amy, + + 
are m linear homogeneous forms in 1, 2, +--+, Um With arbi- 
trary real coefficients ay, ---, @mm of determinant A, then it is 


* Geometrie der Zahlen, page 104. 


| 

| 

| 
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always possible to select integers for 1, u2, «++, Um so that 
(i = 1,2, -++, m). 


In this relation set all the ai; = 0 wil a és 1, except when 


4 = jin which casea;;= 1, i = 2,3,---,m. Then 
0 0 1 
Assume further that im are integers, then the 
result may be expressed as follows: 
It is always possible to choose integers wo, U3, +++, Um 
such that 


fi = + + (mod M), 
where ++, dim and M are given integers and | f,; | S 
lu:!s “at ( (i = 2, 3, ---, m). If we further put m= 2, 
we obtain 


= f; (mod M), 


where | f;| < vp and | a2| < vp. We note that p is not 
necessarily prime. The existence of at least one set (a2, f1) 
for a composite modulus M may also be shown by the algor- 
ism which has just been explained for the derivation of the 
first set (x0, yo) in 

ay = +2 (mod p). 


Evidently the reasoning used also holds for the case where 
p is composite. 

2. Applications to Fermat's Quotient—The congruence 
(3) x? = 1 (mod p*), 


where p is an odd prime, has p — 1 incongruent roots modulo 
p’. By the theorem just proved, each can be represented by 
an expression of the type + m/n, where m and n are positive 
integers each < p. If 


1 
(+ =) = 1 (mod p’), 


n 


1915.] | AN ASPECT OF THE LINEAR CONGRUENCE. 65 


then 
m?— = n? (mod p’). 


The relation (3) has the roots +1. If it has another root, 
say - mo/m2o, when numerator and denominator are each 
positive and < p, then assume that there are k positive 
integers m9 < p such that 


modulo p*, when mao + mo. Then we may form the 2k(k — 1) 
expressions 


™10 mio 
> 

M20 

M20 M20 
> 

™10 ™10 


each of which satisfies (3). Ifthe p — 1 roots of (3) exclusive 
of + 1, are not exhausted by this set, then in like manner, 
there must exist m’s such that 


= Moy?" = --- = mr, 
where 
Mal = and Mao and ky = 


As before, we may form a set of solutions of (3) by means of 
these m’s in the same way the former solutions were set up. 
If this second set does not exhaust the remaining roots of (3), 
the process may be repeated. Ultimately we obtain a set 


Mi Mi Msi 

M2; Mei 
Mo; Mai 
—, 
Mi Mi M3; 

where 
m2) = --- = 


such that it includes, when taken together with the preceding 
z sets and the special roots + 1, all the incongruent roots of 
(3). We have evidently 


2k(k; — 1) > p — 3. 


j=0 


‘ 
{ 
Z| 
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Assume 7 = 0, then 

— 2ko 2 3, 
whence 

ky > i+ 
Consider the set 


and call the least positive residues of these integers modulo p’, 
proper residues modulo p*. If i = 0, then from 
Myo?) = Mop? = +++ = me? 
we are enabled to conclude that there are not more than 


1+ Wp—5 


incongruent proper residues modulo p*. Assume now that 
We have 


whence 


Hence we conclude as before that there are not more than 


1+ ~w2p—5 


incongruent proper residues modulo p?. In general we have 


1+ 
j=0 

Now consider a lower limit for the number of incongruent 
proper residues modulo p*. There cannot be less than [vp] 


residues of this type, for if there were only [ Vp] — 1 residues 
then there must exist at least one set of distinct positive 
integers m; < p such that 


my? = = --- = (mod 


1+ 
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where s >[~vp]. This being the case, consider 
(p m,)?*, = 2, 8). 


Each of these gives a proper residue and they are all incon- 
gruent modulo p*. Evidently, also, there are at least [Vp] 
of them, contrary to hypothesis. Hence the theorem: 

There are not more than 


1+ v2p—5 


and not less than [ Vp] incongruent proper residues modulo p*, 
where p is prime > 2. 


3. We now consider the relation of the foregoing to Fermat’s 
last theorem. If 
y? 2P = 0 


is satisfied in integers prime to each other and to the odd 
prime p, then 2?-' = 1 (mod p*), a result due to Wieferich. 
This being the case, then the set 


17-1, (p — 


evidently includes all the incongruent proper residues modulo 
p’. Hence they are not more than 3(p— 1) in number. 
Similarly, using the criterion of Mirimanoff, 3771 = 
(mod p”), we note that the forms 


(1+ (5 + 


include all the incongruent proper residues and there are not 
more than 2[p/6]. We may further reduce the number by 
using the criteria 5?-! = 1177! = 177-1 = 1 (mod p’).* 


* Vandiver, Journal fiir Mathematik, vol. 144, p. 314. Frobenius, 
Sitzungsberichte der K. Akademie der Wissenschaften, Berlin, 1914, p. 653. 
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LIMITS OF THE DEGREE OF TRANSITIVITY OF 
SUBSTITUTION GROUPS. 


BY PROFESSOR G. A. MILLER. 


(Read before the American Mathematical Society, August 3, 1915.) 


THE main object of the present paper is to establish an 
elementary theorem which gives always a smaller upper limit 
for the degree of transitivity of a substitution group of degree 
nm > 12 which does not include the alternating group of this 
degree, than the one given by the commonly quoted theorem 
that this limit cannot exceed $n + 1.* The theorem to be 
established is a generalization of the one published by the 
present writer in volume 4, page 140, of this ButtetTin. In 
Pascal’s Repertorium, loc. cit., a footnote states that the limit 
4n+1 is actually attained by the five-fold transitive 
Mathieu group of degree 12. In view of the results of the 
present paper this footnote could be completed by adding that 
this limit cannot be attained for any degree which exceeds 
12. It is clearly also attained when n = 6, although this is 
not mentioned in the footnote. 

Let G be any transitive substitution group of degree 
n= kp-+r, where p is a prime number such that p> k, 
and r > k, and all the symbols p, r, k represent positive in- 
tegers. In what follows it will always be assumed that G 
is neither alternating nor symmetric on the n letters and that 
k>1. If Gis more than r-fold transitive it includes a trans- 
itive subgroup H of degree kp, and hence its order is divisible 
by p. A Sylow subgroup of order p* contained in H must be 
intransitive and each of its transitive constituents must be of 
degree p, since G cannot involve a substitution composed of a 
single cycle of degree p, according to the well-known theorem 
that a primitive group which involves a cyclic substitution of 
degree p cannot be of degree greater than p+ 2 unless it 
includes the alternating group of its own degree. 

It may be assumed that H is composed of all the substitu- 
tions of G ona certain set of kpletters. Since it is assumed that 


*Cf. Pascal’s Repertorium der héheren Mathematik, vol. 1 (1910), 
p. 211; Encyclopédie des Sciences mathématiques, tome 1, vol. 1, p. 549; 
etc. 
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G is at least r-fold transitive there are at least r! substitutions in 
G which transform among themselves the letters not contained 
in H according to the symmetric group on these r letters. In 
fact, the exact number of these substitutions is the order of H 
multiplied by r!,and all of these substitutions constitute a group 
H’ which involves H invariantly. The Sylow subgroups of order 
p* contained in H form a complete set of conjugates under 
H’, and hence each of these Sylow subgroups is transformed into 
itself under H’ by r! times as many substitutions as under H. 
The largest subgroup of H’ which transforms one of these 
Sylow subgroups into itself must have for one of its transitive 
constituents the symmetric group on the r letters of G which are 
not contained in H. We proceed to prove that this is im- 
possible and hence that the assumption that G is more than 
r-fold transitive leads to an absurdity. 

The Sylow subgroups of order p* must be of degree kp, 
since H is transitive and its degree is divisible by p. Let 
P represent one of these subgroups and consider the group P’ 
formed by all the substitutions of H’ which transform the 
abelian group P into itself. The subgroup of P’ which is 
composed of all the substitutions of P’ which do not interchange 
any of the systems of intransitivity of P must be invariant. 
This subgroup P; must include P and the quotient group 
P;/P must be cyclic, as we proceed to prove. It is at once 
evident that this quotient group is abelian, since the group of 
isomorphisms of the group of order p is cyclic and the transitive 
constituents of P; are all of degree p. Hence we may assume 
that the systems of intransitivity of P are transformed under P’ 
according to the symmetric group of degree k. If the sub- 
stitutions of P; did not transform into itself every subgroup 
of order p contained in P, it would follow that P could not 
contain a substitution involving a minimum number of cycles 
when this number is greater than unity. 

When r > 4 it is clearly not necessary to prove that P;/P 
is cyclic, since the alternating group whose degree exceeds 4 is 
simple. As the symmetric group of degree r constitutes a 
transitive constituent of P’ and as the systems of intransitivity 
of P are transformed under P’ according to a group whose 
order cannot exceed k!, it results that the part of P’ which 
corresponds to the alternating group on r! letters is the direct 
product of H and this alternating group. As this is impossible 
since G does not include the alternating group of degree n, 


70 TRANSITIVITY OF SUBSTITUTION GROUPS. [Nov., 


we have established the following theorem: A group of degree 
n=kp+r,p> kandr> k, which is not alternating or sym- 
metric, cannot be more than r times transitive unless k = 1 
and r = 2. 

To prove that this theorem gives a much smaller upper 
limit for the degree of transitivity than 3n-+ 1 whenever 
n is large, it is only necessary to use the well-known postulate 
of J. Bertrand, first proved by P. L. Tchebychef, that there is 
at least one prime number between 2 (exclusive) and 2x — 2 
(inclusive), whenever x = 33. Hence there is at least one 
prime number between Vn and 2¥n—2 when n> 12, 
since n is an integer in the present consideration. If n is 
divided by this prime the quotient & is less than Vn and the 
remainder r must be less than 2¥n — 2. If this remainder 
does not exceed k we diminish k by unity and thus get a value 
of r which is less than 3 ¥n — 2 and greater than k. Hence it 
results from the theorem above that when n > 12 a group of 
degree n cannot be (3 Vn — 2)-fold transitive. 

When n = 100 this clearly gives a smaller upper limit for 
the degree of transitivity than 3n+ 1. That the theorem 
also gives a smaller upper limit when n lies between 12 
and 100 can be easily verified directly. In fact, according 
to this theorem a group of degree 13 which is neither alter- 
nating nor symmetric cannot be more than triply transi- 
tive since 13 = 2-5-+ 3. Sucha group of degree 14 cannot be 
more than triply transitive since 14 = 11 + 3, and hence such a 
group of degree 15 cannot be more than four-fold transitive. 
Such groups of degrees 16 and 17 cannot be more than triply 
transitive since 16 = 13+ 3 and 17 = 2-7+ 3, and hence 
such a group of degree 18 cannot be more than four-fold 
transitive. Such a group of degree 19 cannot be more than 
four-fold transitive since 19 = 3-5-+ 4. Such groups of 
degrees 20 and 22 cannot be more than triply transitive since 
20 = 17+ 3 and 22 = 19+ 3, and hence such groups of 
degrees 21 and 23 cannot be more than four-fold transitive. 

Similar considerations readily lead to the result that a group 
whose degree is less than 159, and which does not include the 
alternating group of its degree, cannot be as much as 8-fold 
transitive. In fact, by means of a table of prime numbers, 
it is very easy to verify that such a group can not be as much 
as 15-fold transitive, according to the theorem above, unless 
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its degree exceeds 1,000, while the formula 3n + 1 would 
place the upper limit of transitivity for such groups beyond 300. 
These illustrations may suffice to exhibit clearly that a much 
smaller upper limit for the degree of transitivity of a primitive 
group which is neither alternating nor symmetric results from 
the use of the present theorem than the one given by 4n + 1, 
whenever n is large. When n = 12 = 7 + 5 the two theo- 
rems lead to the same upper limit. This is also true for 
the cases when nis 8 or 9. Since the groups whose degrees are 
less than 8 are so well known, it does not appear necessary to 
preserve the formula 3n + 1 as an upper limit of the degree 
of transitivity of substitution groups which do not include the 
alternating group, especially since the theorem proved above 
is based upon such very elementary considerations. 
University or 


THE PERMUTATIONS OF THE NATURAL NUMBERS 
CAN NOT BE WELL ORDERED. 


BY PROFESSOR A. B. FRIZELL. 
(Read before the American Mathematical Society, February 27, 1915.) 


Let us tabulate the natural numbers according to the 
number of their prime factors, viz., the nth row shall consist 
of the products z(v, n) of n primes in order of magnitude. 
Form a new rectangular array wherein the nth column shall 
be composed of numbers from the nth row of the first scheme 
but arranged in rows by their column indices » in the former, 
so that now the ith row contains those products z(v, n) for 
which pv is a product of i primes. We obtain an infinite matrix 
of series 


12, 18, 27, 30, 50,---; 24, 36, 54, 60, 90,---; 
7,13, 23, 29, 43, ---; 10,15, 25, 26, 38,---; 

20, 28, 44, 45, 66,---; 40, 56, 84, 88, 126, ---;--- 
19, 37, G6l,. 71, 108, 22, 51, 57, .82,.---; 

43, 52... 76, --+; 81, 100, 140, 152, 
53, 89, 151, 173, 251, : 46,.69, 111; 121, 161, 


70, 105, 154, 171, 336, ; 135, 196, 276, 306, 376, 


It is to permutations of the numbers 
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by interchanges among the elements of this array and for the 
present purpose it is enough to consider only exchanges of 
elements in the same column and permutations of terms in 
the same element. For the purpose of this paper is to 
examine the consequences of the following 


AssuMPTION.—The permutations of an w-series can be well 
ordered, 
and, denoting by II the ordinal type of this series of permuta- 
tions, it is clear that a I]-series may be obtained in either of 
the above ways, e. g., by permuting the terms in the first 
element or by permuting the elements in the first column. 
Indeed, if we select from the series of primes those whose 
numbers in the series are primes, the permutations of the whole 
set of natural numbers can be put into one-to-one corre- 
spondence with those obtained by only transposing pairs of 
consecutive members of the series 
3, 5, 11, 17, 31, 41, 59, 67, 83, 109, --- 
i.e., 1, 2, 5, 4, 3, 6, ---;1, 2, 3, 4, 11, 6, 7, 8, 9, 10, 5, 12, 13, 14, 
15, 16, 31, 18, 19, ---, ete. Another way of obtaining a 
II-series is by exchanging the first element of each column 
with the lower elements in the same column. It is easy to 
exhibit the one-to-one correspondence in this case by assigning 
to each nth digit (7, n) in a given permutation of the natural 
numbers the interchange of the first with the ith element in 
the nth column of our matrix. Thus to the permutation 
2,1, 4, 3, 6, 5, 8, 7, --- 
will correspond that obtained by raising to the first place the 
second, fourth, third, . . . elements in the first, third, fourth, 
. .. columns respectively, that is, the permutation 
1, 2, 7, 4, 13, 6, 3, 8, 9, 10, 23, 70, 5, 14, 15, 16, 29, 105, 19, 20, 
21, 22, 11, 81, 25, 26, 154, 28, 17, 171, 43, 32, 33, 34, 35, 100, ---. 
Obviously the same reasoning would hold if in each column 
we should exchange the series of first terms with the other 
series of nth terms. Moreover, both sets of transpositions 
may be performed simultaneously and yield a II-series, since 
we get nothing but permutations of the natural numbers and 
clearly they are all different. In like manner, although we 
obtain a II-series by permuting elements of a single column, 
we get no more by doing it in different columns independently. 
Similarly if we permute terms of a single element or make such 
permutations independently in different elements or if we 
combine this process with that of permuting elements in the 
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same column, in each case the resulting set of permutations 
may be written as a I]-series. 

We will now show that our assumption leads to a set of 
permutations of the natural numbers which is equivalent to 
the whole set but can not be written in a II-series. In any 
well-ordered set every element is an Nth term in some w-series 
(N = 1,2,---). Fora given N the set of all Nth terms shall 
be called the elements of the Nth kind. Permute independ- 
ently the terms in different elements of our matrix in all 
possible ways and let [P] denote the resulting set of permuta- 
tions arranged in a II-series. 

There exists a permutation of the natural numbers which differs 
an every nth column of its matrix (n = 1, 2, ---) from every 
element of the nth kind in [P|. The elements of the nth kind 
in [P], being by hypothesis part of a well-ordered set, form 
also a well-ordered set [P™] of ordinal type 1 < II. The 
proposition will be proved by establishing the following 

Lemma. For each value of n there exists a permutation of the 
natural numbers which differs in every Nth element in the nth 
column of its matrix from every element of the Nth kind in [P™}. 

It is not necessary actually to produce such permutations; 
it is sufficient to show that they exist. This is easily done by 
observing that the elements of the first kind in [P™] do not use 
up the II™-series of its totality and hence do not exhaust 
the II-series of permutations available for the first element of 
the matrix. Hence there is a permutation of the natural 
numbers differing in the permutation performed on its first 
element from every element of the first kind in [P™] and at 
the same time different for the same reason from every element 
of the Nth kind in [P™] in the permutation performed on the 
Nth element (N = 2, 3, ---) in the first column of its matrix. 
The same reasoning holds independently for every nth column 
(n = 2, 3, ---) and, of course, there are in each case an 
infinity of such permutations P’ outside of [P]. So we have, 
on the basis of our assumption, two sets, [P] and [P] + [P’], 
which are both in one-to-one correspondence with the whole 
set of permutations of the natural numbers but can not be 
put into one-to-one correspondence with each other. 

Whence the assumption is false. 

McPuerson, Kansas. 
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RELATIONS AMONG PARAMETERS ALONG THE 
RATIONAL CUBIC CURVE. 
BY PROFESSOR J. E. ROWE. 
(Read before the American Mathematical Society, April 24, 1915.) 


Introduction. 


TuE purpose of this paper is to give the proofs of two new 
theorems concerning relations among sets of parameters along 
the rational plane cubic curve. The first theorem concerns a 
projective relation possessed by the parameters of the four 
residual points in which the osculant conic at any point 
meets the cubic. The second theorem defines the relation 
which exists among the parameters of the four tangents drawn 
from any point of the plane to the rational cubic. The proof 
depends upon a method of deriving the parametric equations 
of the node of the rational cubic. 

We shall call the rational plane cubic the R’, and write its 
parametric equations in the form 


(1) (at = a;t? 3b,t? + + d; (a = 0, 2). 


$1. The Osculant Conic and the Associated Theorem 


A point on the osculant conic of the R* at a point whose 
parameter is ¢’ is defined by the equations 


(2) 2; = (at#’)(@t) = (at’ + b)P + + 
+ (et’ +d, 0,1, 2). 
The equation* of the osculant conic at ¢ has the form 
(3) [Alabz||bex| — |aca|?]t* + [4|abz||bda| — 2|acz||adz| 
+ + (---)P + (---)t+ (---) = 0. 
In particular, if ¢ = 0, (3) becomes 
(4) 4\bex||edx| — |bdz|? = 
If the values of x; from (1) are substituted in (4), and the factor 
# is removed, the result is 
(5)  [4labe| |aed| — |abd\?]t* + 12\abe} |bed\é 
+ 6\abd| |bed\t? + |bed|t + 3\bed|? = 0. 
J. E. Rowe, Messenger of Math., No. 512 (Dee., 1913), pp. 118-119. 
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The roots of (5) are the parameters of the residual points 
in which the conic (4) cuts the R*. The invariant S of (5) is 


(6) 12\abe| |acd| — 3|abd|?|bed|? — 12\abe| |acd| |bed|? 
+ 3labd|?|bed|?, 


which vanishes identically. No restriction was imposed by 
selecting the osculant conic of the R* at the point whose param- 
eter is 0; i. e., if S = 0 for (5) derived from this particular 
osculant conic, the same projective relation S = 0 will exist 
for every quartic found by selecting a particular value for t 
in (3). This result may be stated in the form of 

THeorEM I. The parameters of the four residual points of 
intersection of the R* and any osculant conic form a self-apolar set. 


§2. The Equation of the Node of the R* and its Significance. 


Every line section of the R? has three parameters which are 
apolar to the three flex parameters. The two nodal parameters 
and any other are apolar to the three flex parameters, for any 
line on the node determines the two nodal parameters and one 
other; this third parameter may be used to distinguish one 
line on the node from another. 

From any point in the plane four tangents can be drawn to 
the R*. The four parameters of the tangents from the point 
x; to the R? are the roots of the quartic* 


(7) (at)* = + 2\acz|t? + [adx + 3\bex|]? 

+ 2\bda|t + |edz| = 0. 
The three flex parameters are the roots of 
(8) (Bt)? = |abelt® + + |acd't + |bed| = 0. 


The two nodal parameters may be found as the pair which, 
together with an arbitrary third, are apolar to (8) ; this amounts 
to finding the Hessian of (8). Hence, they are given by 


3labe| |abd| |acd| | 
| 

labd| |acd| 3\bed| | = 0. 


H= 


* Loc. cit., p. 119. 
+ For equation (8) and its Hessian H see Salmon’s Higher Plane Curves, 
third edition, pp. 187-188. 
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The polar of (8) with respect to (7) is, in symbols, 
(9) (Ba)*(at) = 0, 
which expanded becomes 
(10) |bdx| — |abd|(|adx| + 3\bex|) + 3|acd| |acz| 
— 6\bed| |abz|]t + [6\abe| |edx| — 3|abd| |bdz| 
+ |acd|(\adx| + 3|bex|) — 3|bed| |acx|] = 0. 


For a given value of t, (10) is the equation of a line; the inter- 
sections of this line and the R? may be found by substituting 
from (1) in (10). If ¢ = #; in (10) and the values of 2; from 
(1) are substituted in the equation of the line so derived, the 
result may be thrown into the form 


(11) H(t — t;) = 0. 


This is sufficient to show that (10) is a pencil* of lines on the 
node, and may be said to envelope the node. The parametric 
equations of the node as a rational curve of the first class are 
found by identifying (10) and the equation 


(Ex) = foto + £121 + fore = 0; 
these assume the form 
(12) = [Blabe!(b,d,) --- — 6|bed|(a,b,)]t 
+ [6labe|(c,d,) — 3{bed|(a,c,)] »=0, 1, 2). 


Also (10) as it stands may be considered the equation of the 
node. This shows how the parameters of the four tangents 
from any point of the plane are related. The equation (10) 
for a particular set of the 2; yields a value of t which together 
with the three flex parameters constitutes a set of four apolar 
to the quartic found by substituting the set of the 2; in (7). 
The result may be stated as a theorem. 

TueoreM II. The parameters of the four tangents from any 
point P of the plane to the R? are apolar to the set of four composed 
of the three flex parameters and the parameter of the other point 
cut out of the R® by the line joining P to the node of the R*. 

PENNSYLVANIA STATE COLLEGE, 
March, 1915. 


*Compare with W. Gross, Mathematische Annalen, vol. 32 (1888), 
pp. 144-145. 
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VALLEE POUSSIN’S COURS D’ANALYSE. 


Cours d’ Analyse Infinitésimale. Par Cu.-J. DE LA VALLEE 
Poussin. Tome 1, troisiéme édition considérablement 
remaniée, et tome 2 remaniée. Louvain, Dieudonné, 1914. 
9+ 452 pp. and 9 + 464 pp. 

In the two four hundred and fifty page volumes of this 
Cours the author has in mind two classes of readers. There 
are, first, those who desire to acquire an accurate working 
knowledge of the calculus stripped as far as possible of those 
subtilities which are repellant and useless to the engineer 
and physicist. This part of the book is printed in large type 
and follows in the choice of topics the general outline of the 
traditional French Cours, except that the space devoted to the 
treatment of Fourier’s series is somewhat greater and con- 
vergence proofs are given. The handling throughout is clear, 
elegant, and concise; the various topics are illustrated by 
numerous carefully chosen examples selected with rare peda- 
gogic skill to develop a real understanding of the text. 

The rest of the Cours, printed in smaller type, is addressed 
to a different class of readers, those who wish to get at the 
fundamental principles of modern analysis. These last edi- 
tions show that both volumes have undergone considerable 
alterations and improvements, proofs have been recast and 
expanded and the books, though excellent in the first edition, 
have been greatly improved. 

§§ 8-10 deal with sets in general, and it would be hard to 
find anywhere so lucid and compact a presentation of the 
fundamental ideasinvolved. § 10 is concerned with the Borel- 
Lebesgue theory of measure and establishes the important 
results of Borel and Lebesgue, the methods of proof being 
essentially those later used by Vitali in his paper “Sui gruppi 
di punti” in volume 28 of the Rendiconti del Circolo Mate- 
matico di Palermo. 

§ 12 deals with measurable functions and it is shown that 
practically all convergent processes applied to measurable 
functions lead to measurable functions. 

§ 13 is concerned with functions of limited variation, destined 
later to play such an important réle in the theory of Lebesgue 
integrals, and ends with a section on Vitali’s absolutely con- 
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tinuous functions, the fundamental importance of which in 
Lebesgue’s theory does not seem to be generally recognized. 

The above constitutes an introduction to the subsequent 
treatment, which now begins with the elementary theory of 
derivatives followed in § 111 by arithmetic demonstrations 
of the familiar properties (due largely to Dini) of the four 
derivates. Here the book contains certain new matter, the 
most striking being the author’s generalization of a famous 
theorem of Scheeffer concerning the determination of a con- 
tinuous function when one of its derivates is known except 
for a null set. 

The statement of this theorem is modeled somewhat after 
Scheeffer’s, which has been criticized by Schoenflies as being 
illogical. We give it in the author’s own words. 

Si, dans un intervalle (a, b), deux fonctions f;(x) et fo(x) ont 
leurs nombres dérivés supérieurs & droite: 1° finis en chaque 
point sauf peut-étre dans un ensemble Ey, et 2° égaux sauf peut-étre 
dans un ensemble de mesure nulle, les deux fonctions ne different 
que par une constante & moins que E, ne contienne un ensemble 
parfait. 

As stated, the theorem might seem self-contradictory for if 
fi =fe+ ¢ then the derivates will be everywhere equal. 

This generalization of Scheeffer’s theorem is not quite as 
general as it seems, for W. H. Young has shown that the set 
of points E, is either denumerable or has the power of the 
continuum, so that the theorem only holds when E, is denumer- 
able. The generalized theorem admits, as the author points 
out, a sort of inverse, though in the proof given on page 102 
the functions y = (x) and z = y¥"(y) are not both continu- 
ous, as stated; one of them is not even singly valued. 

The theory of Riemann integrability receives an elegant 
but very summary treatment and the author begins his exposi- 
tion with the remark, “‘cette théorie n’a plus guére qu’une 
importance historique, car elle rentre comme cas particulier 
dans celle de Lebesgue, qui sera étudiée dans le chapitre 
suivant.” A statement true only of proper Riemann integrals. 

Chapter seven begins the systematic treatment of Lebesgue’s 
integrals and under the general theory gives the relation to 
Riemann’s integrals and six sufficient conditions for the valid- 
ity of the equation 


b b 
Lim f,(z)dx = Lim f fa(z)dz, 


a 


| 
| 
| 
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wherein the greater simplicity of the conditions for Lebesgue 
integrals over those for Riemann’s is amply evidenced. 
Summable functions are considered from the start and it is 
shown that, unlike the Riemann improper integral, the Le- 
besgue integral can always be defined as the limit of a sum 
Lle;, and that the integral of a summable function has a 
derivative equal to the integrand except over a null set (presque 
partout—which we may translate “almost everywhere”). 
The treatment from now on shows a marked departure from 
that of Lebesgue in that it is less elementary but easier 
reading. 

The author has devised a method of majorating ¢, and 
minorating $2 functions such that 


¢i > {fede > de 


and 
Ad > f(x) > Ade 


and with their aid establishes the capital theorem that the A 
of any monotone function f is summable and that its integral 
differs from f(x) by a function V(x) defined as the variation 
of f(x) over the set of points E where Af(z) is infinite. 

Finally he establishes the corner stone of the theory by 
showing that the necessary and sufficient condition that 


ja) — fla) = 


is that f(x) be absolutely continuous, as pointed out by Vitali in 
his paper in the Atti della R. Accademia delle Scienze de Torino, 
1905, “Sulle funzioni integrali.”* 

Whether or not all functions with summable derivates 
belong to the class of functions of limited variation is left 
open, though it seems that this could have been answered in 
the affirmative from the theorems demonstrated in the text. 

Original matter is taken up in § 267, where integration by 
substitution is considered. Here the results are of remarkable 
simplicity and generality, the final result being: If f(x) is a 


* The question of priority here is doubtful. Schoenflies, in the second 
volume of his Bericht, refers to poe by Levi of about the same date 
and does not mention Vitali, of whose papers he does not seem to be 
aware. A theorem of the author’s in the first edition practically amounts 
to the condition of Vitali. 


| 
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limited* summable function in (a, 6) and z = ¢(#) an absolutely 
continuous function of ¢ such that z varies from 29 = ¢(to) 
to X = ¢(T) always remaining in ab, then 


where ¢’(#) is defined to be zero in the null set where it does 
not exist. 

The proof here could have been somewhat simplified if the 
author had made use of the absolutely continuous function 
(x) used at the top of page 101. 

The chapter closes with an investigation of the properties 
of the second generalized derivates and derivatives. The 
proofs make liberal use of geometric intuition, though their 
arithmetization would probably not be difficult. Condition 
(K), § 274, is described in too summary a manner and it is not 
at once evident how it differs from merely postulating a 
right-handed derivative for the function F(z). Finally it is 
shown that if f(x) is summable and between (or equal) to the 
upper and lower right (left) generalized second derivates 
of F(z), 


F(z) = fia Jf + Le +n. 


These theorems play an important réle in the theory of 
Fourier’s series and the author has shown their power in his 
own researches to which reference will be made later. - 

In §§ 342 et seq. continuous and closed curves are treated 
and the author fills in the lacune of his proof that a closed 
continuous curve without double points divides the plane 
into two parts. Here certain topological theorems concerning 
chains play a leading réle. A link is a connected region of 
the plane bounded by an uncrossed outer polygon and con- 
taining various holes bounded by polygons of the same sort; 
a regular open chain consists of a series of links such that 
consecutive and only consecutive links have points in common. 
The theorem to be established is that a closed continuous 
curve determines a sequence of thinner and thinner closed 
regular chains containing the curve in the links. The only 


* The text has it finite, but the lemma on which the proof rests is not 
er unless the function is limited, as has been pointed out by Dr. Dunham 
ackson. 
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postulate (not explicitly stated) needed to carry out the proof 
is that a closed uncrossed polygon of N sides divides the plane 
into two parts. 

Rectifiable and quadrable curves are then taken up and 
the necessary and sufficient conditions are obtained together 
with the formula 


t 


where the integral of Lebesgue is used and 2(é) and y(é) are 
absolutely continuous functions of ¢, and the formulas for area 


t t t 
f ry'dt, — f yx'dt, — yx’)dt, 
ty 4 


where the integrals are Lebesgue’s and the only hypothesis is 
that the function (functions) whose derivatives figure shall 
be absolutely continuous. 

This volume closes with three sections on quasi-uniform 
convergence—a name proposed by Borel to take the place 
of Arzela’s convergenza uniforme a tratti—and an elegant proof 
of Arzela’s celebrated theorem that the necessary and sufficient 
condition that the limit of a convergent sequence of continuous 
functions be continuous is that the convergence be quasi-uniform. 
Arzela’s necessary and sufficient condition for the termwise 
integrability of a series using Riemann integrals is not touched 
upon because the matter is so much simpler when Lebesgue 
integrals are used. The sufficient conditions in the latter 
theory are stated and proved. 

A note supplementary to the second edition of volume two 
has been added dealing with the uniqueness of trigonometric 
developments,* where among others the following interesting 
theorem is proved: 

If the coefficients of a trigonometric series approach zero with 
1/n and the upper and lower limits of S,(x) for n infinite are 
summable and finite save in a null set E, the trigonometric series 
will be a Fourier series if E 1s not of the power of the continuum. 

Here, as in the case of Scheeffer’s theorem, the statement 
holds only in the case that E is a denumerable set. 

In connection with this theorem it is of interest to note that 


* Taken from two papers by the author in the Bulletin de l’ Académie 
royale de Belgique, No. 11 (1912), No. 1 (1913). 
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Hugo Steinhaus has constructed a trigonometric series every- 
where divergent where coefficients approach zero as limit. If 
this is a Fourier series, it is an example of the long sought 
everywhere divergent Fourier series. 

The second volume is largely devoted to functions of 
several variables and after taking up double integrals from 
the more elementary standpoint proceeds to establish for the 
more advanced reader the leading theorems in the Riemann 
theory in the author’s usual terse and elegant fashion, followed 
immediately by an extensive exposition of Lebesgue multiple 
integrals, where the theory follows, in a way, the broad out- 
lines of functions of a single variable but where new concepts 
must be introduced, such as density of a set in a point and a 
generalized definition of derivatives. A theorem of Vitali’s 
somewhat resembling the Heine-Borel theorem is then estab- 
lished and the important theorem: 

An additive absolutely continuous function of a set has almost 
everywhere a finite and determinate derivative and is the indefinite 
integral of this derivative. 

This is the analogue of the theorem already stated for abso- 
lutely continuous functions of a single variable. 

The theorems of Lebesgue and Fubini on iterated double 
integrals follow and illustrate in a striking manner the greater 
simplicity and generality of the sufficient conditions. in Le- 
besgue’s theory over those in Riemann’s. 

The chapter closes with a generalization of Green’s theorem 
where it is shown that 


ff Paz + Qdy = (Qe 
Cc D 
provided 


1°. that P and Q are continuous inside of C (over D). 
2°. that P is absolutely continuous in y and Q absolutely 
continuous in z. 

3°. P,’ and Q,’ are summable in D. 

The author goes on to remark that the absolute continuity of 
P and Q would be secured if A,P and A,Q are finite. The 
limitedness of these derivatives is a sufficient condition for 
both 2° and 3°. Applied to the standard proof of Riemann 
of Cauchy’s theorem that 
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when f(z) is analytic inside C and on the boundary,this theorem 
shows that we need not even assume the ezistence of f’(z) in 
D, but need only assume that wu and v have bornées first deriva- 
tives satisfying the Cauchy-Riemann partial differential 
equations (cf. Goursat’s well-known proof). 

Next follows a beautiful chapter on the approximate repre- 
sentation of analytic functions, which closes with the treat- 
ment of Fourier’s series in which the most important results 
of Dirichlet, Riemann, Dini, Cantor, Fejér, and Lebesgue 
are established. 

In the compass of such a review, it is impossible to point 
out all the merits of these volumes, so rich in varied topics, 
so lucid in exposition and elegant in presentation. A unique 
feature of the book is that it does for Lebesgue’s integrals 
what Jordan did for Riemann’s theory. 

Aside from his lectures delivered at the Collége de France 
under the Peccot foundation and published in 1904 in the 
Borel Series of Monographs on topics in the theory of func- 
tions, and his Lectures on Trigonometric Series, Lebesgue has 
published no systematic exposition of his ideas, contenting 
himself with the publication of numerous papers in various 
journals and transactions. The great value of the theories 
with which he has enriched analysis makes a systematic 
presentation of them a matter of great importance and we owe 
Professor Vallée Poussin a profound debt of gratitude not 
only for having completed this theory in many essential par- 
ticulars but for his masterly presentation of it as a whole. 
With such a treatise available, these theories will become the 
common property of all mathematicians and, while certain 
simplifications and improvements in the demonstrations will 
come about in time, the outline and main structure has been 
definitely fixed. From the simple but genial idea that a 
generalization of the integral concept might come from divid- 
ing up the interval of variation of the dependent variable 
(instead of the independent variable’s field as in Riemann’s 
theory) the genius of Lebesgue has created a large and growing 
domain of analysis whose great importance cannot as yet be 
accurately estimated, but whose value in dealing with the 
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more recondite problems of analysis is amply exemplified in 
these two volumes. 


M. B. Porter. 


Austin, TExas. 


EXTRACT FROM A LETTER FROM PROFESSOR DE LA VALLEE 
Poussin. 


Cher monsieur et collégue, 

Vous citez une objection de Schoenflies 4 propos de 
l’énoncé du théoréme: Si dans un intervalle (a, b) deux fonc- 
tions f(x) et fi(x) ont leurs nombres dérivés supérieurs a 
droite: 1° finis en chaque point sauf peut-étre dans un ensemble 
E, et 2° égaux sauf peut-étre dans un ensemble de mesure nulle, 
les deux fonctions ne différent que par une constante 4 moins 
que E, ne contienne un ensemble parfait. 

M. Schoenflies trouve cet énoncé contradictoire parce que 
deux fonctions qui ne différent que par une constante ont la 
meme derivée partout. 

Le mot peut-étre que j’ai souligné dans l’énoncé a manifeste- 
ment un sens subjectif et je refére 4 l’incertitude ot nous 
pouvons étre sur l’égalité ou la non égalité des nombres 
dérivés. L’objet du théoréme est d’ailleurs précisément de 
lever cette incertitude. Voila du moins ce que j’ai pensé. 

L’objection de M. Schoenflies est d’ailleurs contestable en 
elle-méme. II n’est pas faux de dire que deux fonctions qui ne 
différent que par une constante ont des derivées égales sauf 
dans un ensemble de mesure nulle. Car les derivées peuvent 
étre infinies dans un ensemble de mesure nulle et on est en 
droit de dire que deux quantités infinies ne doivent pas étre 
considérées comme égales. Je ne tiens d’ailleurs 4 cet argu- 
ment que contre M. Schoenflies. 

Vous faites remarquer encore que la généralisation du 
théoréme de Scheeffer est moins grande qu’elle ne parait 
parce que M. Young a démontré que £; est ou bien dénom- 
brable ou bien a la puissance du continu. Donec, ajoutez- 
vous, le théoréme vaut seulement si E; est dénombrable. 

Pour que cette conclusion fit exacte, il faudrait démontrer 
que FE, est ou bien dénombrable ou bien contient un ensemble 
parfait. Je crois bien que cela est vrai de tout ensemble 
mesurable (B) mais est-ce la meme chose que le théoréme 
énoncé de M. Young? 

Je vous signale enfin que l’ouvrage sur lequel vous faites 
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rapport a été entiérement brilé le 27 aofit dernier 4 Louvain, 
avec tout le magasin de mon éditeur, le 3e jour de l’incendie 
de cette ville par l’armée allemande. 
Je vous prie, cher collégue, d’agréer l’expression de mes 
remerciments et l’assurance de mon entier dévouement, 
C. DE La VALLEE PoussIN. 


CAMBRIDGE, Mass., 
May 11, 1915. 


The objection to the formulation of Scheeffer’s theorem 
referred to in Schoenflies’ Bericht, volume 2, page 317, was 
directed at Scheeffer’s statement of it. The reviewer was under 
the impression that even as stated above the peut-étre might 
be objectively interpreted. 

THE REVIEWER. 


ENUMERATIVE GEOMETRY. 


Lehrbuch der abzihlenden Methoden der Geometrie. By H. G. 
ZEUTHEN. Leipzig, Teubner, 1914. xii-+ 394 pp. Price 
(cloth) 17 Marks. 

In the preface to his Lehrbuch Zeuthen expresses his grati- 
tude to the publishers, “that the researches, which I have 
delighted to pursue from youth to an advanced age, may now 
appear in their full sequence.” The mathematical world also 
has reason for hearty gratitude, not only to the Teubner 
firm, of whose family of publications this book is a very worthy 
member, but much more to Zeuthen himself, that he has pro- 
duced a book summing up most carefully and elegantly both 
the chief results and the most fertile methods of enumera- 
tive geometry. 

Zeuthen must have wished more than once in writing this 
work that a book were not essentially a one-dimensional 
configuration. The greater part of the book could have been 
displayed most satisfactorily in a plane with an axis of methods 
perpendicular to an axis of subjects. This arrangement being 
impossible, the author chose to make his work primarily a 
text on methods, and so to devote each chapter to a single 
method or group of methods. Within each chapter the 
results are grouped according to the configurations to which 
they apply, usually in the following order: plane curves, 
surfaces (in S3), space curves, line configurations. The defect 
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of one-dimensionality is then remedied by a short table of 
contents at the end, where all sections on the same figure are 
grouped together, and by a very complete set of cross-refer- 
ences in the text. We have, then, a treatise which may be 
regarded either as an exposition of the enumerative methods 
of projective geometry or as a very extensive account of the 
results obtained by those methods in the case of the most 
important types of figures in three-dimensional space. 

The book is essentially one on projective geometry. To 
be sure, some of the apparatus of the geometry of birational 
transformations is developed. The genus of a curve, the 
arithmetic genus and the Zeuthen-Segre invariant of a surface 
are defined; but both definitions and applications are in 
terms of projective characteristics of the figures. On the 
other hand, the author descends to affine and metric geometry 
with readiness; a quite unexceptionable procedure, especially 
since he draws attention to the fact that these are but special 
cases of projective geometry. 

The enumerative methods described by Zeuthen are applied 
almost exclusively to figures defined by algebraic equations. 
In a few places, to be sure, it is remarked that a method is 
applicable to systems of curves defined by means of certain 
algebraic differential equations—as (Article 163) in deter- 
mining the number of curves of a system having contact of 
given order with a given curve; but even there the problem to 
be solved originally is purely algebraic. 

A problem of enumerative geometry is one which asks the 
number of points, lines, curves, etc., of a system which fulfil 
certain conditions. Thus the number of intersections of two 
plane curves of given order can be regarded either as the 
number of the «©? points in the plane which lie on both curves, 
or as the number of the «! points of one curve which lie on 
the other. Every such problem can be defined also as a deter- 
mination of the number of solutions, that is, of the degree, 
of an algebraic equation. 

The fundamental principle of enumerative geometry is the 
law of the “preservation of the number” (Erhaltung der 
Anzahl). That was stated by H. Schubert* in the following 
form: Let there be a variety of ©” objects on I’, which shall 
be imposed a condition of dimension n, defined by assigned 
relations between I and another variety I’. Then the (finite) 


* H. Schubert, Kalkiil der abzihlenden Geometrie (1879). 
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number of objects I’ satisfying that condition remains un- 
altered, however we may particularize I’, provided the number 
remains finite. There arise a very considerable number of 
difficulties and dangers in the use of the methods based on 
this principle, and the care with which Zeuthen has treated 
them is worthy of all praise. 

At the outset he lays down three necessary precautionary 
rules, which are never lost sight of. The first states that every 
case of a general problem must be considered as a limit of a 
continuous series of cases. An obvious corollary of this is 
expressed later in these words (Article 158): “In the applica- 
tion of formulas which express the number of configurations 
fulfilling diverse conditions, one must retain for each condition 
the exact meaning which was laid down at its introduction 
into the formulas.” Thus, an arbitrary line through a double 
point of a plane curve is to be considered as a tangent to the 
curve if a tangent is defined as a line which has two coincident 
intersections with it; this is confirmed by the fact that such 
a line is the limit of a tangent to a curve which “acquires” 
a double point. On the other hand, it is not to be taken as a 
tangent if, the curve being defined by an equation in line 
coordinates, a tangent is regarded as an element of it. The 
second rule is that, when coincident solutions of a problem 
are counted, care must be taken that such solutions are counted 
the due number of times. Thus, the line from an arbitrary 
point of the plane to any double point of a plane curve— 
if we take the first definition of a tangent—counts as two 
tangents; this again would seem natural from the aspect of a 
curve about to acquire a double point. The third rule (this 
one expressly included in Schubert’s enunciation) is that an 
enumerative formula loses validity and significance if the 
objects which it normally enumerates turn out, in a particular 
case, to be infinite in number. Thus, the unique value of 
dy/dx usually proves the existence of a unique tangent at a 
point of a curve; at a singular point dy/dz assumes the form 
0/0, and there is a tangent through the point in every direc- 
tion—if we define a tangent rightly. 

Study and Kohn* remarked in 1903 that the principle of 
the preservation of the number, as stated by Schubert, is not 


*Study, Geometrie der Dynamen, p. 378. Kohn, ‘‘Ueber das 
Princip von der Erhaltung der Anzahl,” Archiv der Mathematik und 
Physik (3), Bd. 4, pp. 312-316. 
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always valid; Kohn, indeed, said that it was “in a certain 
sense incurably ill.” That is, a condition expressed in general 
form may be fulfilled in a certain finite number of cases; 
whereas, for certain particularizations of these conditions, 
the number of solutions, though remaining finite, may be 
increased. The source of this phenomenon is the possibility 
that the conditions may be fulfilled in different ways. The 
particular problem examined by Study and, in his article on the 
principle of the preservation of the number, by Severi,* is that 
which asks the number of projectivities of a line which transform 
into itself a given group of four points. If the cross-ratio of the 
group is not a cube root of — 1, the number of projectivities is 4. 
If the cross-ratio is — 1, there are 8 solutions; and if it is an 
imaginary cube root of that number, there are 12. The excess 
comes, as Severi remarks, from the possibility, which exists 
for harmonic and equianharmonic groups alone, that a projec- 
tivity may leave unchanged some of the points and interchange 
the others. 

Severi stated and proved a theorem giving the conditions 
under which Schubert’s principle can be safely applied. His 
briefer enunciation of it is this: “The principle of Schubert 
holds only for those conditions which can be resolved into 
sums of irreducible conditions of the same dimension.” 
Thus, in the example which Severi cites from Study, the condi- 
tion that a group of four points of a line be left invariant by 
a projectivity is the sum of four conditions: (a) that a pro- 
jectivity be involutory and interchange all of a group of four 
points, (8) that it be involutory and permute two points of a 
group, not moving the others, (vy) that it be cyclic of order 3 
and permute a group, (6) that it be cyclic of order 4 and per- 
mute a group. (8), (y), (6) are of higher dimension than (a). 
Thus Severi amputated the incurable member, and left us 
the certainty that the body, after the operation, was quite 
free from disease. It was a beautiful and valuable piece of 
work. 

And yet Zeuthen, while he says expressly (Article 189) 
that he has read Severi’s article, does not quote his theorem. 
Severi’s restriction of the availability of Schubert’s principle 
achieves no more than the precautions which Zeuthen teaches. 
Consider, in particular, the problem examined by Severi. 


* Severi, “Sul principio della conservazione del numero,”’ Rendiconti 
del Circolo Matematico di Palermo, vol. 33 (1912), pp. 313-327. 
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The projectivities of the line which transform harmonic and 
equianharmonic groups into themselves, while interchanging 
only some of their points, can not be the limits of projectivities 
which transform into themselves groups with cross-ratios 
approaching a cube root of — 1; for the latter transforma- 
tions interchange either all or none of the points of the groups. 
The projectivities applicable to groups of special cross-ratios 
only are, then, by Zeuthen’s first rule, expressly excluded from 
those enumerated. It seems possible, then, to do without 
Severi’s theorem; yet that theorem is so elegant, clear, and 
simple, that it will prove a great aid to workers in enumerative 
geometry, and might well have been for that reason quoted in 
the present work. 

_An interesting and practically valuable use of reasoning 
from a particular to a more general case is offered by Zeuthen’s 
justification of deductions made from real figures. He re- 
minds us (Article 47) that all possible cases of a theorem 
depend on the values of a certain number of parameters, and 
that a real figure represents any one of an infinite number of 
sets of values of those parameters—all within certain limits. 
Enumerative properties observed in the figure, holding as 
they do for an infinite number of values of the parameters, 
will hold for all values—even such as make the figure imag- 
inary. In this manner he obtains the fact that if the points 
of tangency of a single branch of a curve with a double tangent 
approach each other, two points of inflection also approach 
each other, and all four coincide where the cu-ve acquires 
four-point contact with the line. That some . wtion is 
needed in reasoning from figures is shown by consid: ration of 
the number of inflections absorbed in a double point. The 
figure shows that a curve about to have a double point has at 
least two inflections which approach that point; analysis 
proves, however, that there are in truth six, four of which 
must be imaginary. 

So much for examples of the care which Zeuthen exercises 
and inculcates,—surely the most important quality in a 
treatise on his subject. Praise should also be bestowed on 
the almost universal clearness of exposition. If exceptions are 
noted, let it be remembered that exceptions are far to seek. 
The first sentence of Article 32 reads thus: “Da die Komplexe 
einer gegebenen Ordnung m eine zusammenhaingende Menge 
bilden, kann man einen solchen in abzihlenden Untersuch- 


90 ENUMERATIVE GEOMETRY. [Nov., 


ungen spezialisieren, z. B. in der Weise, dass man verlangt, 
die Strahlen sollen m gegebene Gerade schneiden.” On its 
face, this demands that each ray cut all of m given lines; 
while the meaning is, of course, that it cut some one of them. 
Another inaccurate passage occurs in the third paragraph of 
Article 172. The system there spoken of should be determined 
by one line and three points. 

The references to sources are very few. For the most part, 
Zeuthen contents himself with mention of the bibliography in 
his article in the German Encyclopedia (III C 3) on the same 
subject. It is unfortunate that for the many developments of 
line geometry in the present treatise the Encyclopedia article 
has no mention. 

Zeuthen’s modesty gives another cause for regret. It would 
serve the reader better to become familiar with “Zeuthen’s 
formula” than with the “allgemeiner Geschlechtsatz”’; with 
the “Zeuthen-Segre invariant” than with “I.” 

A laudable feature of the book is the great number of 
exercises. They cover applications of all the principles de- 
veloped and vary widely in difficulty—some being, as the 
author says, suitable even for doctor theses. 

Chapter I is introductory. Its first half discusses the 
methods and aim of enumerative geometry, and gives defini- 
tions. The second half treats the method of determining the 
number of solutions falling together. An ingenious scheme, 
due to Zeuthen, for fixing this number appears in various forms 
in different sections of the book. Its first form is as follows: 
“The number of intersections of a line a with a curve at a 
point A can be defined as the sum of the orders of infinitesimal 
segments between a and the intersections of the curve with 1, 
a straight line making a finite angle with a, at a distance from 
A that is infinitesimal of the first order.” There follow a 
clever proof of Bézout’s theorem and one of Halphen’s 
theorem concerning the point multiplicity and line multi- 
plicity of an element of a curve. 

The first part of Chapter II deals with direct applications 
of the principle of preservation of the number, such as the 
determination of the enumerative properties of polar curves, 
of Hessians, of Reye’s complex. By the use of Schubert’s 
principle, theorems are deduced concerning general curves 
and surfaces from the consideration, as special cases, of 
degenerate ones. The degenerate plane curve of degree n 
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may be a set of n straight lines. It may be the projection 
of the curve on a line in its plane; that is, the line counted n 
times, with a certain number of vertices (Scheitel). In either 
case the simplification is so great as to create a highly efficient 
engine. 

The next section treats problems with an excessive and 
hence infinite number of solutions. The problems solved 
concern largely the number of points necessary for determining 
completely various configurations,—plane curves, surfaces, 
curves on surfaces. Two paragraphs are devoted to Poncelet’s 
“closing theorems” (Schliessungssatze), which deal with the 
question of whether polygons whose sides and vertices are 
respectively tangents and points of certain conics belonging 
to a single pencil are closed or open. Problems on the closing 
of polygons whose sides and vertices fulfil various conditions 
have been of unusual interest to Zeuthen; he treats them, 
indeed, in eight sections of the book. 

The section entitled “Problems with no solutions” is 
largely devoted to applications of the principle that an 
algebraic function which is not constant must be able to 
assume all values. This principle is remarkably fertile; it 
furnishes, for instance, proofs of the constancy of various 
cross-ratios, among them that of lines from a variable point 
of a conic to four fixed points on it, and that of the tangents 
to a plane cubic from a variable point on it. 

Chapter III is concerned with applications of Zeuthen’s 
formula (allgemeiner Geschlechtsatz). If between the points 
of two curves ¢1, C2 of genus p; and pe» respectively there exists 
an (a1, a2) correspondence; if, further, the number of cases in 
which two of the a; points corresponding to a point of cz co- 
incide is m1, and the inverse number is 42, the formula is 


nz — = 2a1(p2 — 1) — 2a2(pi — 1). 


An immediate consequence is Riemann’s theorem of the 
equality of the genera of two curves in (1, 1) correspondence 
with one another. There is a careful discussion of Pliicker’s 
equations and of the analysis of more complicated singularities 
of plane curves. Pliicker’s equations, together with Zeuthen’s 
formula, offer a means for investigating the order, class, and 
singularities of a curve in correspondence with a given curve 
(for example, its evolute). There follows a first consideration 
of systems of curves. The author treats the application of 
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his and Pliicker’s formulas to space curves by means of their 
projections on a plane, and to surfaces by means of their 
circumscribed cones. A short section is given to the “Ge- 
schlechtsitze” for surfaces, and their application to curves on 
surfaces in (1, 1) correspondence. In the formulas in question 
the arithmetic genus and the Zeuthen-Segre invariant play 
the part taken by the genus of a plane curve in Zeuthen’s 
formula. 

The Cayley-Brill correspondence principle for points on a 
curve and analogous ones for points in a plane, on a surface, 
and in space, together with a wealth of applications of these 
theorems, form the subject matter of Chapter IV. In de- 
veloping the Cayley-Brill theorem, Zeuthen defines the valence 
(Wertigkeit) k of an (a1, a2) correspondence between points 
of a curve of genus p > 0 by means of the formula 


= a1 + a2 + 2kp, 


being the number of self-corresponding points. He then 
proves that if the point P,, taken k times, and the ae corre- 
sponding points Pe, each taken once, form the complete 
intersection of the ground-curve with a curve depending on P,, 
then the value of k coincides with that obtained from the 
above equation. This order of development seems a little 
unnatural, but it has the great advantage of giving to negative 
and fractional valences equal rights with their more normal 
brothers. The final sections of this chapter are devoted to 
the correspondence principle for points on a surface, which 
Zeuthen announced in 1906. The form of this theorem is 
similar to that of Cayley-Brill, though naturally more com- 
plicated; the Zeuthen-Segre invariant takes the place, in a 
way, of the genus, and the valence has an exactly analogous 
interpretation. If one is to judge from the fruitfulness of its 
prototype, it should play an important part in the theory of 
surfaces. 

The title of Chapter V is “Systems of Configurations.” 
Systems of curves (in particular, of conics), of surfaces, and 
of correlations are treated; usually for the purpose of finding 
the number of elements of a system fulfilling given conditions. 
In the extended discussion of systems of conics, due attention 
and care are given to what one rather hesitates to speak of as 
Halphen’s degeneracy. That is a conic which, in line co- 
ordinates, is a point, in point coordinates a line through the 
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point; and which, considered as a limit of conics of a system, 
baffles description by both point and line coordinates. 

The closing chapter deals with the powerful and elegant 
methods of Schubert’s symbolic calculus. We could wish for 
a more complete statement of the meaning of the symbolism; 
yet the chapter is well written, and presents perhaps the most 
interesting method treated in the book. The work ends with 
a section which opens the way to the application of Schubert’s 
methods to four-dimensional geometry. 

The typography of the book is good, but not quite up to 
Teubner’s highest standard—the standard, for instance, 
attained in Zeuthen’s Encyclopedia article. I give a partial 
list of misprints discovered, with genuine regret at ending 
thus a review of a treatise so important for both the science 
and the art of mathematics. 


Page 74 line 29, 30 for (ab) read (ac) 
79 1 for cy read C2 
102 5 for ce read Cn 
112 4 for 3(n—1)(n—2) =d—e read }(n—1)(n—2) —d—e 
125 12 for e read c 
139 28 for Flache read Kurve 
145 for formula (1) read (3) 
146 jor formule (2), (2’) read (4), (4’) 
163 10 for read 
208 37 for n(k—1) read k(n—1) 
250 9 for Ps read P; 
276 35 for m’ read m” 
286 1 for ro read no 
286 6 for Yn read yo-n 
298 last for ci read C3 
301 30 for v1 read pi 
315 14 for ap+ap’ read ap+ea'p’ 
317 27 for (4) read (2) 
329 31 for einen Punkt und drei read eine Gerade und drei 
Gerade Punkte 
329 33 for auf einer der gebenen read auf der gegebenen 
Geraden Geraden 
334 27 for [175] read [174] 
336 24 for (up’*) +48 read (up’?) =48 
384 23 for read {gp=fpt+iG 
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MATHEMATICS IN AUSTRALIA. 


The Teaching of Mathematics in Australia. Report presented 
to the International Commission on the Teaching of 
Mathematics. By H. S. Carstaw. Sydney, Angus and 
Robertson, 1914. (Agents: Oxford University Press, Lon- 
don and New York.) 8vo. 79 pp. 


Durinc the deliberations of the International Congress of 
Mathematicians at Rome in 1908, the necessary steps were 
taken to organize an International Commission on the Teach- 
ing of Mathematics, the members of which were to prepare 
or procure reports on the teaching of mathematics in different 
countries. Many of these reports were ready for the Cam- 
bridge Congress in 1912, but since then several more have 
appeared. At this writing, 18 countries have published 172 
reports with a grand total of 11,186 pages. Germany has 
already issued 46 reports with nearly 4,000 pages; the tale is 
told in about a fifth of this space, each, by Austria with 13 
reports, Great Britain with 34 reports, Switzerland with 9 
reports, and Japan with 2 volumes. The reports of France and 
the United States each cover some 700 pages. Of more 
modest dimensions are, in order of size, the reports from 
Belgium, Russia (including Finland), Italy, Sweden, Spain, 
Holland, Hungary, Denmark; then we have the present report 
from Australia and the 16-page report from Roumania. 

Professor Carslaw’s name is already a familiar one to many 
readers of the BULLETIN, from his elementary texts,* his not- 
able work on the theory of Fourier series and integralst 
and his translation of Bonola’s Non-Euclidean Geometry.{ 


* Plane Trigonometry, an elementary text-book for the higher classes 
of secondary schools and for colleges. London, 1909. New edition, 
London, 1915. Key, London, 1914. An Introduction to the Infinitesimal 
Calculus. Notes for the use of science and engineering students. . London, 
1905. Second edition, 1912. Reviewed by A. M. Kenyon in this But- 
LETIN, January, 1914, vol. 20, pp. 204-206. 

{7 Introduction to the Theory of Fourier’s Series and Integrals and the 
Mathematical Theory of the Conduction of Heat. London, 1906. Re- 
viewed by J. E. Wright, in this BULLETIN, January, 1909, vol. 15, pp. 196- 
197. 

t Non-Euclidean Geometry. A critical and historical study of its 
development by Robert Bonola. Authorized English translation with 
additional appendices by H. 8S. Carslaw with Introduction by F. Enriques. 
Chicago, 1912. Reviewed by A. Ranum in this BuLLetin, October, 1912, 
vol. 19, pp. 22-23. 
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Now we have from his pen a clear cut and interesting state- 
ment concerning the teaching of mathematics in Australia: 
in the secondary schools, the technical colleges and schools 
of mines, the government colleges for the training of teachers, 
the royal military and naval colleges, and the universities.* 

Australia is politically divided into five states (New South 
Wales, Victoria, Queensland, South Australia, Western Aus- 
tralia) which with the Island of Tasmania form what has been 
known since 1901 as the commonwealth of Australia. At 
each of the six capitals, Sydney, Melbourne, Brisbane, Ade- 
laide, Perth, and Hobart, a university supported in part by 
public funds and in part by private endowments and fees paid 
by students is established. And while the educational con- 
ditions vary greatly in the different states, and not a little 
in the same state, the universities whatever their status are 
the “ crown of the educational system of which they form a 
part.” The conditions in New South Wales and Victoria, 
states each with a population of more than one and one half 
millions and universities founded well over half a century ago, 
are greatly superior to those in the enormous state of Western 
Australia with its scattered population of less than 300,000 
people and a university which has been in operation little more 
than a year. 

A marked peculiarity of Australian education is that the 
state “not only controls, but completely and absolutely 
supports and regulates the system of public education without 
support from or interference by the localities in which the 
schools may lie. Australian education tends therefore to be 
centralized, systematic, and homogeneous; but since local 
interest is naturally fitful, the external equipment of the 
schools is usually of an inferior character, while the quali- 
fications of the teachers are distinctly superior. Primary 
education throughout Australia is free, but secondary is not. 
The state secondary schools are fewer and somewhat less 
important than those of a semi-public, endowed, or denomi- 
national character.” 

The organization of secondary education in Australia is 
passing through a period of active development. But until 


* Two other recent publications contain a good deal of information 
about Australian universities: (1) Universities in the Overseas Dominions. 
Board of Education, Special Reports on Educational Subjects, vol. 25. 
London, 1912, pp. 116-171, 196-198, 238-269; (2) Congress of the Univer- 
sities of the British Empire, 1912. Report of Proceedings, London, 1912; 
also the Year Books for 1914 and 1915. 
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very recently the chief influence upon the work of the secondary 
schools has been exerted by the universities, not only through 
their requirements of matriculation, but also by a system of 
public examinations taken by pupils of the schools whether 
they proposed to enter the universities or not. These exam- 
inations are similar to the Cambridge and Oxford local ex- 
aminations. For definiteness let us consider mathematics in 
New South Wales. 

In New South Wales an “ intermediate certificate ” is given 
after the successful completion of two years’ work (when the 
pupil is about 16) in the high school. The mathematical 
course includes arithmetic, mensuration of plane and solid 
figures, simple numerical trigonometry of the right angled 
triangle, algebra through simultaneous quadratics, graphs, 
and Euclid’s Elements, Books 1-3. 

The third and fourth years’ work in the high schools are 
divided into pass and honor sections and lead to the “leaving 
certificate.” Practically all pupils have to do some mathe- 
matical work in these two years, but only those who have 
shown special aptitude for this study attempt the full course. 
Indeed, some take only part of the pass course, but all who 
desire leaving certificates to count as equivalent to university 
matriculation have to satisfy the examiners in one of the two 
pass mathematical papers, and thus have to reach a certain 
standard in algebra, geometry, and trigonometry. There are 
three higher papers yet, in mathematics: one devoted to ge- 
ometry and trigonometry; another to algebra, coordinate 
geometry, and the elements of the differential calculus; and 
the third to mechanics. 

The pass work in algebra includes the following subjects: 
Logarithms, interest and annuities, graphical illustrations of 
maxima and minima, binomial theorem for a positive integral 
index; the additional work for honors includes such subjects 
as convergence of series, binomial theorem for fractional and 
negative index, the exponential and logarithmic series, coor- 
dinate geometry of the straight line and circle, and a short 
introduction to the differential calculus. 

In geometry the pass work includes the equivalent of 
Euclid’s Elements, Books 4-6; for honors the additional 
subjects are: Modern geometry, including transversals, nine- 
point circle, harmonic ranges and pencils, pole and polar, simili- 
tude and inversion; solid geometry as in Euclid’s Elements, 
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Book 11, together with theorems relating to the surfaces and 
volumes of the simpler solid bodies; geometrical conics, in- 
cluding the more important properties of the parabola and 
ellipse. 

Pass trigonometry takes the pupil through the solution of 
triangles; the honor work includes a fuller treatment, as well 
as a discussion of DeMoivre’s theorem and certain types of 
series. 

Mechanics comes only as one of the higher papers in mathe- 
matics. It is intended to be preceded and accompanied by 
experimental work. The subjects treated are the elements of 
statics and dynamics, with elementary hydrostatics and at- 
mospheric pressure. 

For teachers in secondary schools, public or private, a 
university degree is an almost indispensable qualification; 
and not only this, but also special training in the theory and 
practice of education. 

The Teachers’ College in Sydney was founded in 1906, 
mainly for the training of state school teachers. It offers a 
variety of courses of training varying in length from six months 
to four years. An ordinary college course—to enter upon 
which the student must have the leaving certificate or its 
equivalent— is a two years’ course, which qualifies for teaching 
in the classes of the primary schools. For graduates of the 
university who wish to prepare as secondary school teachers 
a one-year course in practical and theoretical education is 
provided. 

Of university mathematical courses which are open to our 
prospective high school teacher there are three classes, Mathe- 
matics I, II, III. Each is divided into three sections: Class A, 
Class B, and Class C. Candidates for the degree of B.A. or 
B.Sc. with honors attend the honors’ section (Class A) in each 
year, although it is possible to reach the lowest grade of honors 
by specially good work in the second section (Class B) in the 
three years. Here are the programmes for Class A: 

Mathematics I (first year): Algebra, geometry, trigonom- 
etry, statics and dynamics, analytical geometry of two 
dimensions, and the elements of the calculus. Those who 
enter this class are supposed to have honor leaving certificates. 

Mathematics II (second year): Infinitesimal calculus, dif- 
ferential equations, spherical trigonometry, analytical statics, 
particle dynamics, and elementary rigid dynamics. 
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Mathematics III (third year): Analytical geometry of three 
dimensions, rigid dynamics, higher analysis, and some applied 
mathematical subject, e. g., hydrodynamics, sound, the theory 
of electricity and magnetism. 

In addition to these courses a two-year course has recently 
been instituted in insurance mathematics. 

Similar courses are offered in the University of Melbourne 
and the general educational conditions are very like those in 
New South Wales. As already remarked, the organization 
in other states is less advanced. The universities of Australia 
are staffed by British professors, and thus the mathematical 
work of the country is fashioned in conformity with much the 
same ideals as those held by the mother land. Professor 
Carslaw is at the University of Sydney. Professors Horace 
Lamb and W. H. Bragg were for many years teachers in the 
University of Adelaide. 

There are several technical colleges in New South Wales, 
but the work in all of them is, to a great extent, of an elemen- 
tary character. Higher technical education is available only 
in the engineering school and mining school of the university. 
It is hoped that effective cooperation between these schools 
and colleges may soon be brought about. Schools of mines 
flourish in Victoria and South Australia. At Victoria mathe- 
matical instruction is given in arithmetic, algebra, geometry, 
plane and spherical trigonometry, analytical geometry of conic 
sections, differential and integral calculus, and applied me- 
chanics. 

There are two institutions in Australia for the early training 
of the officers of the military and naval forces of the common- 
wealth, the Royal Australian Military College and the Royal 
Australian Naval College. 

The former is modelled somewhat upon the lines of the 
United States Military Academy at West Point. Cadets 
enter at the age of sixteen to nineteen, and receive a training 
in both military and civil subjects. Mathematics is com- 
pulsory for entrance and occupies a prominent position in the 
first three of the four years of the college course. In the first 
year 216 hours are given to mathematical lectures and the 
subjects studied are algebra, geometry, trigonometry, ele- 
mentary differential and integral calculus, elementary statics 
and dynamics. In the programme for each subject there is an 
obligatory and a voluntary section. For example, while a 
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knowledge of the theory and practical use of logarithms and 
the use of the slide rule is obligatory, discussion of the ex- 
ponential theorem of logarithmic series and the calculation of 
logarithms is optional. 

In the second year the hours of instruction in mathematics 
are the same as in the first year. The subjects of study are: 
algebra (partial fractions, convergence and divergence of 
series, simple theorems in probability, etc.); geometry (solid; 
analytic discussion of straight line and circle; while the volun- 
tary part includes parabola, ellipse and hyperbola); plane and 
spherical trigonometry (small angles, inverse functions, 
solution of trigonometrical equations, effect of small errors in 
surveying and on the trajectory of a bullet, solution of spherical 
triangles and applications to surveying and astronomy, etc.); 
astronomy (time, determination of latitude and longitude, 
correction of instrumental errors, Kepler’s laws, etc.) ; calculus 
(the voluntary part includes maxima and minimaof functions of 
two variables, approximate numerical evaluation of integrals) ; 
dynamics (the voluntary'part includes application of thecalculus 
to motion of a particle in a straight line and plane curve, effect 
of air resistance on a bullet, elementary cases of motion of a 
rigid body in one plane); statics (center of mass, numerical 
and graphical calculations relating to tackle, shears, derricks, 
etc., stresses in frameworks, stresses in a gun, forces in three 
dimensions, etc.) ; elementary hydrostatics and hydrodynamics. 

In the third year 72 hours of instruction are given in mathe- 
matics. The subjects of study are infinitesimal calculus 
(approximate numerical evaluation of integrals, mean values, 
etc.); theory of errors; differential equations (ordinary equa- 
tions of the first order and degree, linear equations, etc.); 
dynamics; statics. 

After satisfactorily completing the four years’ course in the 
college the cadets receive the rank of lieutenant and spend 
one year in England or India attached to British regiments. 
They then return to Australia to occupy positions in the 
permanent military forces. The number of cadets admitted 
each year is about 40, including 6 who come from New Zealand. 

The Naval College was founded for the training of cadet 
midshipmen who should later join the Australian navy. The 
training is similar to that at Osborne or Dartmouth in England. 
Candidates must be thirteen years of age in the year in which 
they are examined for entrance. The full course lasts for 
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four years and instruction is given in the following mathe- 
matical subjects:—arithmetic, algebra, geometry, plane and 
spherical trigonometry, analytical geometry, differential and 
integral calculus. 


R. C. ARCHIBALD. 
Brown UNIVERSITY, 
Provipence, R. I. 


A CORRECTION. 


In my paper on “ Problem Collections in Calculus ” in this 
BULLETIN, June, 1914, volume 20, page 488, line 13, delete 
“about a dozen signs are wrong and.” An unusual form 
of the equations of an epicycloid led me to consider 
that in the derivation a slip had been made in sign which 
required several changes in later work. Since Professor 
Dingeldey has requested me to rectify my review in this 
particular, I gladly comply with his wish. 

R. C. ARCHIBALD. 


SHORTER NOTICE. 


Per la biografia di Giovanni Ceva. By Gino Loria. Reprint 
from the Rendiconti of the Reale Istituto Lombardo di 
Scienze e Lettere. Pavia, 1915. 3 pp. 

SrupEnts of geometry who may have looked into the history 
of the subject will be interested to know that Professor Gino 
Loria, of the University of Genoa, has recently been able to 
fix the date of birth and death of Giovanni Ceva, whose “De 
lineis rectis se invicem secantibus” appeared at Milan in 1678. 
Poggendorf gives no dates under the biography of Ceva, but 
Professor G. Vivanti in the second edition of “Il concetto 
d’infinitesimo e la sua applicazione alla matematica,” in the 
Giornale di matematiche, volumes 38 and 39, quotes M. 
Pantaleoni as stating that Ceva died in 1734. As a matter of 
fact, Professor Loria shows, Ceva was born in December, 1647, 
and died in Mantua on May 13, 1734. It is also interesting 
to note that Ceva is described in the archives of Mantua as 
Matematico Cesareo e Commessario Generale dell’ Acque di 
tutto lo Stato, and that he was buried in the Church of Santa 
Teresa de’ Carmelitani Scalzi. 

Davin EvGENE Situ. 


NOTES. 


THE twenty-third summer meeting of the American Mathe- 
matical Society will be held at Harvard University early in 
September, 1916. At the eighth colloquium of the Society, 
held in connection with this meeting, courses ot lectures will 
be delivered as follows: By Professor G. C. Evans: “Topics 
from the Theory and Applications of Functionals, including 
Integral Equations.” By Professor OswaLp VEBLEN: “ Anal- 
ysis Situs.” 


THE opening (September) number of volume 17 of the 
Annals of Mathematics contains the following papers: “A 
functional equation in the kinetic theory of gases,” by T. H. 
GRONWALL; “Démonstration simplifiée du théoréme fonda- 
mental de M. Montel sur les familles normales de fonctions,” 
by C. DE LA VALLEE Poussin; “Functions which map the in- 
terior of the unit circle upon simple regions,” by J. W. ALEx- 
ANDER, II; “The iteration of functions of one variable,” by 
A. A. BENNETT. 


Tue following courses in mathematics are announced for 
the present winter semester: 


TecunicaL ScHoot aT Detrr.—By Professor W. J. v- 
Raay: Determinants and introduction to the calculus, three 
hours; Descriptive geometry, three hours; Kinematics and 
equilibrium, three hours.—By Professor W. A. VERsLUYs: 
Higher algebra and foundations of the calculus, five hours; 
Advanced calculus, three hours.—By Professor J. A. Scnov- 
TEN: Chapters of higher algebra, one hour; Analytic geometry, 
two hours; Methods of projection, four bours; Curves on given 
surfaces, four hours.—By Professor J. G. RutcErs: Plane 
analytic geometry, two hours; Analytic geometry of space, 
two hours; Projective methods, four hours; Curves on given 
surfaces, four hours.—By Professor J. CarDINAAL: General 
dynamics, two hours; Kinematics, two hours; Introduction to 
general kinematics, two hours; Advanced kinematics, two 
hours.—By Professor J. KLoprer: Introduction to mechanics, 
one hour; Graphical methods, three hours; Applied mechanics, 
three hours. 
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University oF Municu.—By Professor F. LinpEMANN: 
Analytic mechanics, four hours; Introduction to the theory 
of ordinary and partial differential equations, four hours; 
Theory of higher algebraic curves, two hours; Seminar, two 
hours.—By Professor R. v. SEELINGER: Figures of the planets 
and introduction to the theory of potential, four hours.— 
By Professor A. Voss: Differential calculus, four hours; 
Analytic geometry of curves and surfaces, four hours.—By 
Professor A. PRINGSHEIM: Elements of the theory of functions, 
five hours.—By Professor A. SomMERFELD: Thermodynamics 
and the kinetic theory of gases, four hours; Seminar, two 
hours.—By Professor H. Brunn: Elements of higher mathe- 
matics, four hours.—By Dr. F. Hartocs: Descriptive ge- 
ometry, with exercises, eight hours——By Dr. F. Boum: 
Selected chapters of mathematical statistics, two hours; 
Elements of the calculus of insurance, two hours; Seminar, 
two hours.—By Dr. H. Dincier: Elementary mathematics, 
four hours.—By Dr. A. Rosenrua.: Integral calculus, with 
exercises, five hours. 


UNIVERSITY oF StrassBurG.—By Professor F. Scuur: 
Analytic geometry of two and three dimensions, four hours; 
Selected chapters of differential geometry, two hours; Seminar, 
two hours.—By Professor G. Faser: Differential and integral 
calculus, four hours; Elliptic functions, two hours; Seminar, 
two hours.—By Professor M. Simon: History of mathematics 
in ancient times, two hours.—By Professor J. WELLSTEIN: 
Graphical statics, three hours.—By Professor S. Epstern: 
Analytic treatment of projective geometry, two hours.—By 
Dr. A. Speiser: Perspective, two hours. 


At Brown University Professor R. G. D. RicHarpson has 
been made full professor and head of the department of 
mathematics. 


At Dartmouth College Drs. R. D. BEETLE and F. M. 
Morgan have been promoted to assistant professorships of 
mathematics. 


Dr. Bessre I. MILier has been appointed professor and 
head of the departments of mathematics and physics at 
Rockford College. 
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At the University of North Dakota Professor R. R. 
Hircucockx has been made full professor and head of the 
department of mathematics. 


At Harvard University Dr. E. V. Huntineton has been 
promoted from an assistant professorship to an associate 
professorship of mathematics. 


At the University of Michigan Junior Professors PETER 
Fre.p, L. C. Karprisx1, and T. R. Runninec have been pro- 
moted to associate professorships of mathematics. Drs. 
Tomuinson Fort and T. H. HitpEBRanpt have been pro- 
moted from instructorships to assistant professorships of 
mathematics. Dr. A. L. NEetson has been appointed in- 
structor in mathematics. 


At the University of Illinois Dr. J. B. Saaw has been pro- 
moted from an assistant professorship to an associate pro- 
fessorship of mathematics. Dr. L. T. Witson has been 
appointed instructor in mathematics. 


At Vassar College Dr. Louise D. Cummines has been pro- 
moted from an instructorship to an assistant professorship 
of mathematics. Dr. Mary E. Weis has been appointed 
instructor in mathematics. 


At Iowa State College Miss J. T. Cotrrrts has been pro- 
moted from an assistant professorship to an associate pro- 
fessorship of mathematics. 


At Wesleyan University Dr. J. K. Lamonp has been pro- 
moted from an instructorship to an associate professorship 
of mathematics. 


At Cornell University Dr. Josep SLEpran has resigned his 
instructorship in mathematics, to enter the engineering pro- 
fession. Mr. H. Brrz has been appointed instructor in 
mathematics. 


Dr. NATHAN ALTSHILLER, of the University of Washington, 
has been appointed instructor in mathematics in the University 
of Colorado. 


TueE following appointments to instructorships in mathe- 
matics are announced: Dr. R. B. Rossins, Sheffield Scientific 
School; Dr. C. E. WiLpER, Pennsylvania State College; Mr. 
W. L. Hart, University of Montana. 
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NEW PUBLICATIONS. 
1. HIGHER MATHEMATICS. 


Bercer (P.). Die Zerlegung der Lagrange’schen Resolventen fiir die 
Kreisteilungsgleichungen in ihre Primfaktoren. Marburg, 1914. 
8vo. 42 pp. M. 2.00 


Busnow (N.) und Lezius (J.). Arithmetische Selbstiindigkeit der euro- 
paischen Kultur. Ein Beitrag zur Kulturgeschichte. Berlin, Fried- 
lander, 1915. Gr. 8vo. 8+285 pp. M. 10.00 


Emmericn (A.). Aufgaben zu den Grundlehren von den Koordinaten und 
den Kegelschnitten. Essen, Baedecker, 1915. 64pp. Geb. M. 1.40 


Enriques (F.). Vorlesungen iiber projective Geometrie. Deutsche 
Ausgabe von Hermann Fleischer, mit einem Einfiihrungswort von 
Felix Klein. 2te Auflage. Leipzig, Teubner, 1915. 1. 


FieiscHer (H.). See Enriques (F.). 


Fricke (R.). AnalytischeGeometrie. (Leitfaden fiir den mathematischen 
und technischen Hochschulunterricht.) Leipzig, Teubner, 1915. 
8vo. 6+135 pp. Geb. M. 2.80 


GELLNER (H.). Die Anpassung der Altersgrenzen an den konkreten Fall. 
Jena, 1914. 8vo. 53 pp. 

Harpy (G. H.) and Riesz (M.). The general theory of Dirichlet’s series. 
Cambridge, University Press, 1915. 78 pp. 3s. 6d. 

Himstept (A.). Ueber Polyzonalkurven 4. Ordnung. Nordhausen, 1914. 
8vo. 23 pp. 


Hoppner (W.). Elliptische Koordinaten der Geraden in der Ebene, des 
St ae und der Ebene im Biindel. Rostock, 1913. 8vo. 108 pp.+ 
5 Tafeln. 


Jorpan (C.). Cours d’analyse de l’Ecole polytechnique. Tome III: 
Calcul intégral (équations différentielles). 3e édition. Paris, Gau- 
thier-Villars, 1915. 8vo. Fr. 15.00 

Kern (F.). See Enr1QuEs (F.). 

KoscuMiepER (Q.). Anwendung der elliptischen Funktionen auf die 
Bestimmung konjugierter Punkte bei Problemen der Variationsrech- 
nung. Breslau, 1913. 8vo. 86 pp. 

Lezivs (J.). See Busnow (N.). 


Lonetey (W.R.). Tables and formulas for solving numerical problems i “ 
analytic geometry, calculus and applied mathematics. Revi 


tion. Boston, Ginn, 1915. 12mo. 6+37 pp. Cloth. $0. 50 
Merritt (H. A.). Selected topics in college algebra. Privately printed. 
Norwood, Mass., Norwood Press, 1914. $1.10 


Netto (E.) Algebra. (Grundlehren der Mathematik fiir Studierende und 
Lehrer, 1ter Teil, 2ter Band.) Leipzig, Teubner, 1915. Gr. 8vo. 
12+232 pp. Geb. M. 7.20 


OpPERMANN (A.). Carl Friedrich Gauss. Braunschweig, 1914. 4to. 
27 pp. 


= 
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Riesz (M.). See Harpy (G. H.). 


Rorn (L.). Ueber die singuliren Stellen des Haupttangentenkurven- 
systems einer Fliche. (Diss., Techn. Hochschule, Miinchen.) Borna- 
Leipzig, R. Noske, 1914. 

ScHApELIN (P.). Eine Regelflache 4. Grades mit zwei ees 
und einer Doppelerzeugenden. Bern, 1914. 8vo. 48 pp. M. 1.60 

Vitiani (N.). L’equazione di Fermat z* + y* = 2, con dimostrazione 
generale. Lanciano, F. Fanci, 1914. S8vo. 44 pp. L. 3.00 

ZisTLER (P.). Rationale Polkurven 4. Ordunung und die Doppeltan- 
gententheorie der Kurven 4. Ordnung mit drei Doppelpunkten. 
Erlangen, 1913. 8vo. 40 pp.+1 Tafel. 


II. ELEMENTARY MATHEMATICS. 


ABERCROMBIE (J.) et Decoy (G.). Calculateur commercial, donnant les 
équivalents en frangais des prix, poids et mesures anglais et américains 
et vice versa, avec une méthode simple pour trouver le cubage des 
caisses en pieds et pouces. Paris, Impr. de la Bourse, 1915. 12mo. 
16 pp. Fr. 1.00 

Carpan (G.). See (H.). 

Decoy (G.). See ABERCROMBIE (J.). 


Harpine (A. M.) and Turner (J.8.). Plane trigonometry. New York, 
Putnam, 1915. $0.90. With tables, $1.10. 

Here.e (H.). Des Girolamo Cardano von Mailand (Biirgers von Bologna) 
eigene Lebensbeschreibung. Uebertragen und eingeleitet von H. 
Hefele. Jena, Diedrichs, 1915. 27+224 pp. Geb. M. 6.50 

Hipner (M.). Die geschichtliche Entwickelung des Rechenbretts. 
(Veréffentlichungen des stidtischen Schulmuseums zu Breslau.) 
Breslau, Hirt, 1914. 11 pp. M. 0.10 

KEemMpPTHORNE (W. B.). See (W. H.). 

(E.). See Tuteme (H.). 


Oserc (E. V.). Elementary algebra. New York, Industrial Press, 1914. 
Paper. $0.25 
Puntenny (M. E.). Two years’ work in numbers. Oklahoma City, 
Puntenny, 1914. $0.30 
Raprorp (E. M.). Mathematical problem papers. Compiled and ar- 
ranged by E. M. Radford. 2d edition, revised. 
versity Press, 1915. Cr. 8vo. 204 pp. 
—. Solutions to the problem papers. Cambridge, oo Pr 
1915. Cr. 8vo. 6+560 pp. Os. 6d. 
Rierur (J.). Kleines Lehrbuch der Stereometrie. Fir 
Bern, Francke, 1915. 68 pp. Geb. M. 1.20 
Scuusert (F.). Grundziige der ebenen Geometrie. Berlin, 1915. 8vo. 
8+223 pp. Geb. M. 2.80 
Tuieme (H.). Leitfaden der Mathematik fiir Lyzeen. Bearbeitet von 
E. Tscharntke. Leipzig, Freitag, 1915. 99 pp. M. 1.30 
—. Leitfaden der Mathematik fiir Oberlyzeen. Bearbeitet von E. 
Miiller. Leipzig, Freytag, 1915. 137 pp. M. 1.70 
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TSCHARNTKE (E.). See Tureme (H.). 
TSCHENTSCHER (A.). See WaAcKE (R.). 
TurNER (J. S.). See Harpine (A. M.). 


Wacke (R.) und TscHENTSCHER (A.). Rechenbuch, bearbeitet nach dem 
Grundlehrplan fiir die Volksschulen Gross-Ber! lins vom 8. 12. 1913. 
Berlin, Union Deutsche Verlagsgesellschaft, 1914. 11 Hefte. a pp. 

3.85 

Witurams (J. H. and K. P.). Plane geometry. Chicago, Lyons and 

Carnahan, 1915. 8vo. 264pp. Cloth. 


Wiurams (K. P.). See Wiiurams (J. H.). 


Witurams (W. H.) and Kemprnorne (W. B.). Elementary algebra, 
complete; shorter course. Chicago, Lyons and Carnahan, 1914. $1.25 


——. Second course in algebra. Chicago, Lyons and Carnahan, 1914. 
$0.80 


III. APPLIED MATHEMATICS. 


ABRAHAM (M.). Theorie der Elektrizitat. (2 Bande.) Band 2: Elek- 
tromagnetische Theorie der Strahlung. 3te Auflage. Leipzig, 1914. 
Gr. 8vo. 10+402pp. Geb. M. 11.00 

AHLFELD (W.). Einfluss von Wind und Luftdruck auf die Héhe des 
Meeresspiegels. Kiel, 1913. 8vo. 28 pp. 

Aut (H.). Zur Theorie der Geschwindigkeits- und Beschleunigungsplane 
einer komplan bewegten Ebene. (Diss.) Dresden, 1914. Lex. 8vo. 
5+73 pp. M. 4.50 

ANGERSBACH (—.). Das Relativitaitsprinzip in elementarer Behandlung. 
Weilburg, 1914. 4to. 26 pp. 

AUERBACH (F.). Die Physik im Kriege. Allgemein verstandliche Dar- 
stellung der Grundlagen moderner Kriegstechnik. Jena, 1915. 8vo. 
194 pp. M. 3.00 

Bau (W. V.). Reminiscences and letters of Sir Robert Ball. London, 
Cassell, 1915. 16s. 
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